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ABSTRACT

We study the computational limits of Low-Rank Adaptation (LoRA) for fine-
tuning transformer-based models using fine-grained complexity theory. Our key
observation is that the existence of low-rank decompositions within the gradient
computation of LoRA adaptation leads to possible algorithmic speedup. This
allows us to (i) identify a phase transition behavior of efficiency assuming the
Strong Exponential Time Hypothesis (SETH), and (ii) prove the existence of al-
most linear algorithms by controlling the LoRA update computation term by term.
For the former, we identify a sharp transition in the efficiency of all possible rank-r
LoRA update algorithms for transformers, based on specific norms resulting from
the multiplications of the input sequence X, pretrained weights W*, and adapter
matrices a BA/r. Specifically, we derive a shared upper bound threshold for such
norms, and show that efficient (sub-quadratic) approximation algorithms of LoRA
exist only below this threshold. For the latter, we prove the existence of almost
linear approximation algorithms for LoRA adaptation by utilizing the hierarchical
low-rank structures of LoRA gradients and approximating the gradients with a
series of chained low-rank approximations. To showcase our theory, we consider
two practical scenarios: partial (e.g., only Wy and W) and full adaptations (e.g.,
Wa, Wy, and W) of weights in attention heads.

1 INTRODUCTION

We investigate the computational limits of finetuning large transformer-based pretrained model
with Low-Rank Adaptation (LoRA). This analysis is of practical importance in the era of Large
Foundation Models (Bommasani et al., 2021). Large foundation models are gigantic transformer-
based architectures, pretrained on vast datasets, are pivotal across multiple fields, including natural
language processing (Achiam et al., 2023; Touvron et al., 2023b;a; Brown et al., 2020; Floridi and
Chiriatti, 2020), finance (Yang et al., 2023; Wu et al., 2023), genomics (Nguyen et al., 2024; Zhou
et al., 2025; 2024; 2023; Ji et al., 2021), medical science (Thirunavukarasu et al., 2023; Singhal et al.,
2023; Moor et al., 2023) and more. They are powerful but very expensive to pretrain. Therefore,
most practitioners rely on finetuing methods to adapt these models for their specific needs (Zheng
et al., 2024; Ding et al., 2022). LoRA (Mao et al., 2025; Hu et al., 2021) is the most prevalent
fine-tuning method due to its parameter efficiency due to the low-rank adaptation of model weights.
However, even with LoRA, updating the partial weights of pretrained transformer-based models
using gradient methods remains costly. Notably, the naive backward pass in transformer architectures
retains the same quadratic-in-sequence-length computational time complexity as its forward pass (see
Appendix F for discussions and a proof). This work provides a timely theoretical analysis of LoRA’s
computational limits, aiming to advance efficient finetuning of large foundation models.

The hardness of LoRA finetuning transformer-based foundation model ties to both forward and
backward passes. To analyze, it suffices to focus on just transformer attention heads due to their
dominating quadratic time complexity in both passes. We first make the following observation:

*Code is available on OpenReview; full version and future updates are on arXiv.
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The hardness of LoRA’s forward pass is trivially characterized by (Alman and Song, 2023).

To see this, let X € RE*4 be input with length L, and Wy, W, Wy € R?¥9 be attention weights,
and Q = XWy e RIX4 K = XWy € REX? YV = XV € RIXY. The Attention Mechanism is

Z = Softmax (QKTB) V = D' exp(XWoWg X B) X Wy, (1.1)

with the inverse temperature 5 > 0 and D = diag (exp(X WQWIT(X TB)]I L). Here, exp(+) is
entry-wise exponential function, diag (-) converts a vector into a diagonal matrix with the entries of
the vector, and 1, is the length-L all ones vector. LoRA finetuning is given as

Definition 1.1 (LoRA (Hu et al., 2021)). Let W € R"*“ be any weight matrix in a pretrained model
F, LoRA fine-tunes F' through updating W with a low-rank decomposition W = W* + < B A. Here,

W* is the frozen pretrained weight. Only B € R**" and A € R"** are learnable (being update via
gradient descent) with rank 7 < min(a, b) and tunable hyperparameter « € R.
Under the Strong Exponential Time Hypothesis (Hypothesis 1), Alman and Song (2023) state:

Lemma 1.1 (Informal, (Alman and Song, 2023)). Fast (sub-quadratic) forward pass of transformer
only exist when entries of K, ),V are bounded by a constant B = ©(y/log L).

It is easy to see that Lemma 1.1 is transferable to LoRA inference according to Definition 1.1.
However, we still need the hardness of backward pass to fully characterize LoRA for transformers.
The analysis of the backpropagation (backward pass) is less straightforward. It involves managing the
computation of numerous gradients for attention scores, with the number of chain-rule terms scaling
quadratically in L and the numbers of LoORA weights. While it is tempting to design algorithms to
circumvent this Q(Lg) computation time, to the best of our knowledge, there are no formal results to
support and characterize such algorithms. To address this gap, we pose the following questions and
provide a fundamental theory to fully characterize the complexity of LoRA for transformer models:

Question 1. Is it possible to improve the £2(L?) time with a bounded approximation error?

Question 2. More aggressively, is it possible to do such gradient computations in almost linear time?

To address these questions, we explore approximate LoRA gradient computations with precision
guarantees. We first layout the objective of finetuning transformer-based pretrained models.

Definition 1.2 (LoRA Loss for Adapting W, W, Wy of an Attention Head). Let D = {X,,Y;} ¥
be a dataset of size N with X; € RL¥¢ being the input and Y; € RZ*? being the label. Fine-tuning
a (self-)attention with LoRA with ¢5 loss on dataset D is formulated as

(0% (6 (0%
min_ £ (Wk = Wi + SBxAx, Wo = Wi + = BoAq, Wy = Wi + S By Av)
By ,Bqg,By €ERX", r r r
Ax,Ag,Ay €R™*4

1 N
- ﬁz||D*1exp{XiWQW}XJﬂ}XiWV —Yi|[ (1.2)
=1l

Here D := diag (exp{ XWoWLXT8}1,) € REXE,
We study the following approximation problem. Let Z = vec(Z) € R for any matrix Z € R%*?,

Problem 1 (Approximate LoRA Gradient Computation (ALoRAGC(L, d, r, €))). Assume all numeri-
cal values in log(L) bits encoding. Let £ follow Definition 1.2. The problem of approximating gradi-
ent computation of optimizing (1.2) is to find six surrogate gradient matrices {G,(LA) € RIxT, GLB) €
R4}k o.v such that max ({HéELB) — %H G — oz

T 94,
€ > 0, where || Z|| , = max; ; | Z;;|.

} ) < ¢, for some
oo/ p=K,Q,V

Remark 1.1. Any method or algorithm that aims to compute LoRA gradients beyond vanilla
computation of (1.2) falls within the scope of this problem. Examples include using sampling
strategies to avoid full LoRA gradient computation (Pan et al., 2024) or employing model quantization
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for efficiency via low-precision gradient computation (Li et al., 2024; Dettmers et al., 2024). Common
among these approaches is the need to compute surrogate LoRA gradients with reduced computational
cost. We abstract this key subroutine and consider the fundamental algorithmic Problem 1.

In this work, we aim to investigate the computational limits of all possible efficient algorithms of
ALoRAGC(L, d, r, €) under realistic setting e = 1/poly(L).

Contributions. Our contributions are 2-fold:

* Norm-Based Phase Transition of Efficiency (Theorem 4.1). We answer Question 1 by identifying
a phase transition behavior on the norm of input, pretrained and adaptor weights, assuming the
Strong Exponential Time Hypothesis (SETH). Specifically, we identify an inefficiency threshold
for these norms such that, only below which, adapting transformer-based models with LoRA in
L?~°() (sub-quadratic) time is possible.

Theorem 1.1 (Informal Version of Theorem 4.1). Without appropriately normalized inputs X,
pretrained attention weights Wz, W, Wy, and LoRA matrices {aA,, B, /7} .=k q,v, there is no

algorithm running in subquadratic time O(L?~%) for any constant § > 0 to solve ALoRAGC.

* Existence of Almost Linear Time LoRA Algorithms. We answer Question 2 by proving
that precision-guaranteed approximation to Problem 1 is achievable in almost linear time via
hierarchical low-rank decomposition of LoRA gradients. To showcase our theory, we analyze two
practical scenarios highlighted in (Hu et al., 2021): partial adaptations (e.g., only Wy, and Wg in
Section 3), and full adaptations (e.g., Wk, Wq, Wy in Appendix A) of weights in attention heads.

Theorem 1.2 (Informal Version of Theorems 3.1 and A.1). Given appropriately normalized inputs
X, pretrained attention weights Wi, W§,, Wy;, and LoRA matrices {a€A,B, /r}=Kk q,v. there

exists an algorithm that solves ALoRAGC in almost linear time O(L*+°(1),

On the theoretical front, we characterize the computational feasibility of LoRA by showing the
existence of precision-guaranteed, efficient (subquadratic or almost linear time) LoRA methods and
identifying their necessary conditions. On the practical front, these conditions serve as valuable
guidelines for implementations (please see Remark 5.2 for discussions and Appendix G for numerical
justifications). Importantly, our theory only requires one assumption on numerical value encoding
(e.g., in log L bits with L being the sequence length). Such an assumption is minimal and realistic.
No assumptions are made about the data or model, making our results widely applicable.

Organization. Section 2 includes preliminaries and problem setup. Section 3 presents analysis
of LoRA adaptation on only Wq, Wi . Appendix A presents analysis of LoRA adaptation on all
Wa, Wi, Wy. Section 4 characterizes the computational limits of all possible efficient algorithms for
LoRA. Section 5 includes concluding remarks. We defer discussions of related works to Appendix B.

Notations. We denote (column) vectors by lower case letters, and matrices by upper case letters.
Let 11, denote the length-L all ones vector. We write {a, b) := a' b as the inner product for vectors
a,b. Let a[i] denotes the i-th component of vector a. Let A[i, j| and A;; denotes the (4, j)-th entry of
matrix A. For any matrix A, let A[i, -] and A[-, j] be the i-th row and j-th column of A, respectively.
For u,v € R¢, we denote their Hadamard product as u ® v == (uqvy,... ,udvd)T. The index set
{1,--- I} is denoted by [I], where I € N,. For any z € R%, we denote exp(z) € R? whose
i-th entry is exp(z;). Let [|A]| = max; ;|A;;| for any matrix A. Let ||-|| » denote the squared

Frobenius norm, i.e., [|Al|r := (32, ; A%)"/2.

2 PRELIMINARIES AND PROBLEM SETUP

This section presents the ideas we build on.

Tensor Trick for Computing Gradients. The tensor trick (Diao et al., 2019; 2018) is an instrument
to compute complicated gradients in a clean and tractable fashion. As we shall see below, the purpose
of the tensor trick is to convert matrix multiplication into vector form, making the gradient w.r.t. the
matrix more tractable. For this, we introduce vectorization and its inverse operation, matrixization.
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Definition 2.1 (Vectorization). For any matrix X € RL*4, we define X := vec (X) € RX? such
that X; j = X(;_1)44, foralli € [L] and j € [d].
X such that

Definition 2.2 (Matrixization). For any vector X € RL?, we define mat(X) =
Xij = mat(X) = X;_ )44, foralli € [L] and j € [d], namely mat(-) = vec™"(-).

Next, we introduce necessary tensor terminologies.

Definition 2.3 (Kronecker Product). Let A € REe*da and B € RLv*%  We define the Kronecker
product of A and B as A ® B € REaloxdads quch that (A ® B) (j,—1)L,+is,(ja—1)ds+js» 1S €qual to
Aia7jaBib,jb with i, € [La},ja S [da],ib S [Lb],jb S [db]

Definition 2.4 (Sub-Block of a Tensor). For any A € RYe*de and B € RLv*% et A:= A® B €
REalexdads For any j € [L,], we define A;j € REvxdads pe the j-th Ly X dady sub-block of A.

Definition 2.3 creates a large matrix from two smaller matrices, preserving the structure and properties
of the original matrices. Definition 2.4 provides a refined identification of specific entry-wise
multiplications between the two Kronecker-producted matrices. Together, they makes the gradient
w.r.t. the matrix more tractable: for instance, the gradient of below vectorized LoRA loss (2.1).

Lemma 2.1 (Tensor Trick (Diao et al., 2019; 2018)). For any A € Rlaxda B ¢ REsXd and
X € R4 it holds vec (AXBT) = (A® B)X € RLeLs,

To showcase the tensor trick for LoRA, let’s consider a (single data point) simplified (1.2)

— -1 T 2 : — T dxd
Lo=| D' exp{XWXTB} X Wy— Y |, withW:=WoWg eR™"
€RLXL E]RVLXL ERLXA gsdq cRLxd

By Definition 2.3 and Definition 2.4, we identify Di»i = <exp (Alw) , ]lL> € Rforall j € [L],
withA := X ® X € RL*?* and W € R?’. Therefore, for each J € [L]and i € [d], it holds

L= 3 (s oo ) X0 -7,
j=1i=1

Gao et al. (2023a;b) show that (2.1) provides term-by-term tractability for gradient computation of
L. Specifically, it allow us to convert the attention score D! exp (X WX T) into its vectorized form

(D I) texp(AW) € RZ” and split the vectorized form into L terms of size L. This provides a
systematic way to manage the chain-rule terms in the gradient computation of losses like £y, and
opens the door to more general analytical feasibility for deep transformer-based models.

Problem Setup: Which Attention Weights in Transformer Should We Apply LoRA to? Following
(Hu et al., 2021), we consider only adapting the attention weights for downstream tasks. This
consideration is sufficient to justify our techniques as the attention head dominates the time complexity
of transformer-based foundation models. Namely, we consider updating (as in Definition 1.2)

« «@ «
WQ :Wé-i-;BQAQ, WKZW[*(-F;BKAK, Wy :W{;-F;B\/Av.
Furthermore, for completeness, we consider two de facto scenarios as in (Hu et al., 2021, Sec. 7.1):

(C1) Special Case. Adapting only Wg and Wy, for best performance under fixed parameter budge.
(C2) General Case. Adapting Wy, Wq, Wy for best performance.
We analyze (C1) Special Case in Section 3 and (C2) General Case in Appendix A.

To consider the problem of adapting attention head, we first generalize Definition 1.2 to the following
generic attention with triplet input sequences. For reasons, this allows our results to be applicable.
Moreover, this helps us to focus on parts dominating the efficiency of gradient computation.
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Definition 2.5 (Learning Generic Attention). Let D = {(X; (K) 9.¢ (@) X V) ), Y;}¥ | be a dataset of

size N with the triplet X*), x(?) x() ¢ REXd being the input and ¥; € RE*? being the label.
The problem of learning a generic attention with ¢5 loss from dataset D is formulated as

N
1

i — L Wk, Wo, W
WK,WC?I%PveRdXdNZ (Wi, Wo, Wv)

.
exp{Xi(Q)WQWIT( (x1) ﬂ}Xi(V)WV Y,

N
WK,WQ er]Rdxd 2N Zl F

.
Here D = diag <exp{X§Q)WQW,T{ (x1) ,B}ﬂn> € REXL,

Remark 2.1. Definition 2.5 is generic. If Xi(K) = Xi(V) # XfQ) € REX4 Definition 2.5 reduces to
cross-attention. If Xi(K) = Xi(Q) = Xi(v) e RL*4 Definition 2.5 reduces to self-attention.

3 SPECIAL CASE: LORA ADAPTATION ON ONLY Wy AND Wy,

Formally, we formulate the partial adaptation (C1) of an attention head as the following LoRA loss.

Definition 3.1 (Adapting Wg, Wy of Generic Attention with LoRA). Let D =
{(XEK),XI-(Q),XZ(V)) Y;}X | be a dataset of size N with the triplet X(K) X(Q) X(V) RLxd

being the input and Y; € RE*? being the label. The problem of fine-tuning Wq, Wy a generic
attention with LoRA with ¢5 loss from dataset D is formulated as

min £ (Wi, Wo = W5 + = BoAq, Wy = W + S By Ay ) G.1)
Bg,By €R*XT r r
AQ,AVERTXd

Bo, Bv eRdX7
Ag, Ay €R"%4

2

]
D exp{ XOwowi)T (x)" 5} Xy ¥,

(IT)

F

(I
T
Here D = diag <exp{Xi(Q)WQ(W]*()T (Xi(K)> B}LL) € REXL,
In this work, we are interested in the efficiency of optimizing (3.1) with gradient descent. For
simplicity of our analysis, we employ the following four simplifications:

(S1) Since (IT) (V' multiplication) is linear in weight while (I) (K'-Q) multiplication) is exponential in
weights, we only need to focus on the gradient of K -() multiplication. Therefore, for efficiency
analysis of gradient, it is equivalent to analyze a reduced problem with fixed Wy,.

(S2) To further simplify, we introduce C'", C® ¢®) € REx4 via

(0%
XL (Lwy+ Bodq) (Wi (X(K) = CBaaq (! 2)) C XMW=,
N—— %/_/
::CEI)ERLX‘Z (C(Z)) ERAXL
(3.2)

Notably, Cgl), C’i(2), Ci(S) are constants with respect to adapting (3.1) with gradient updates.

(S3) Trivial Reduction. To prove the hardness of Problem 1 for both full gradient descent and
stochastic mini-batch gradient descent, it suffices to consider adapting on a single data point.

(S4) We set 8 = 1 without loss of generality. Note that 3 and «/r do not impact the running time of
gradient computation since they are just rescaling factors.
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Thus, we deduce Definition 3.1 to

1 — T 2
min  £(Bg,Ao) = min HD_lexp{C(l)<W*Q+BQAQ) (C<2>) }c<3>—y
BQ eRd X7 BQ ERdX ™

AQERTXd AQeRrxd,

F

(3.3)

where W& =rW4/aand D = diag (exp{C(l) (VT/*Q + BQAQ) (C(z))T}]lL) € REXE,

We introduce the next problem to characterize all possible (efficient or not) gradient computation of
optimizing (3.3). Let Y[i, -] and Y[, j] be the i-th row and j-th column of Y, respectively.

Problem 2 (Approximate LoRA Gradient Computation ALoRAGC(L,d,r,€)). Given

Ci(l),Ci(z),Ci(?’),Yi € RLX4 Tete > 0. Assume all numerical values are in log(L)-bits
encoding. Let £ follows (3.3). The problem of approximating gradient computation of optimizing

(3.3) is to find two matrices égl) € R4*" and égg) € R"*4 such that

~(B) oL ~(4) oL
max (||QQ - EHW 1Go ™ — %Hoo) <e

The explicit gradient of LoRA loss (3.3) is too complicated to characterize Problem 2. To combat
this, we employ the tensor trick. Let W = W, + BoAq € R¥? such that vec (W) = W € RY.

Definition 3.2 (Vectorized Attention Score). Let C := C() @ C'2) such that C; € RL*4” for all
J € [L]. For every j € [L], we define u(W); : R% — RL as: u(W); = exp (Clw> € RL.

Definition 3.2 decomposes the complicated matrix exp (C(l) (WfQ + BQAQ)(Ci(z))T) in loss (3.3)

into L vectors. Importantly, since the weight W is vectorized into W, such a vectorized representation
allows more tractable gradient computation by its term-by-term identifiability.

Definition 3.3 (Attention Score Normalization). Let C := C() @ C'® such that C; e REXA for all
J € [L]. For every j € [L], we define oz(x)i ‘R 5 R as: a(m)l = <eXp (Clw),]l,;> cR.

Similarly, Definitions 3.2 and 3.3 provide analytical tractability of the matrix D in loss (3.3).

Definition 3.4 (Vectorized, Normalized Attention Score). For a fixed j € [L], we define f(W); :
R% — RE as: f(W) j = a(W);'u(W); such that f(W) € R denotes the matrix whose j-th
row is (f(m)l)T

Definition 3.4 decomposes the complicated matrix multiplication
D~ exp(CH (W + BqoAg)(C®)T)C® in loss (3.3) into L terms. Note that the gradi-
ents w.r.t. W are still tractable due to simple chain rule (by design of «(+) and u(-)).

Definition 3.5 (Vectorized LoRA Loss (3.3)). For every i € [d], let C ©) [-, 7] follow (S2). For every
J € [L] and i € [d], we define ¢(x);; : R% x R¥ - R as: (W) = (f(W);, CO[4]) — Y.

—J>

Here Y; ; = Y[j, i] is the (j, i)-th entry of Y € RE*? for j € [L], i € [d].

From above definitions, we read out ¢(W) = f(W)C®) — Y such that (3.3) becomes

L d 1 L d
LW) = D LW)ji=5> > W)L (34)

(3.4) presents a decomposition of the LoRA loss (3.3) into L - d terms, each simple enough for
tracking gradient computation. Now, we are ready to compute the gradient of the LoRA loss.
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Lemma 3.1 (Low-Rank Decomposition of LoORA Gradient). Let matrix B¢, Ag and loss function £
follow (3.3), W := W§ + BoAgq and C := CM) @ C®). It holds

P (I1) (II1)
—_——— —S———
=33 cW)i€] ((ding (F(W),) — F(W), /(W) ) €L, . (3.5)
Jj=11i=1
- (1)
Proof. See Appendix C.1 for a detailed proof. O

Remark 3.1 (Benefit from Tensor Trick: Fast Approximation). As we shall show in subsequent
sections, Lemma 3.1 also enables the construction of fast approximation algorithms for (3.5) with
precision guarantees due to its analytical feasibility. Surprisingly, it is even possible to compute (3.5)
in almost linear time. To proceed, we further decompose (3.5) into its fundamental building blocks
according to the chain-rule in the next lemma, and then conduct the approximation term-by-term.

Remark 3.2 (LoRA Gradient Computation Takes Quadratic Time). Lemma 3.1 implies that LoRA’s
gradient computation takes quadratic time, similar to inference hardness result (Alman and Song,
2023). This is non-trivial yet not the main focus of this work. Please see Appendix F for details.

Lemma 3.2 (Vectorized -2 aA , 83 L), Let g(W) == O® (c(W))" € REXL. For every index j € [L]
, we define p(); € RE as p(IV), = (diag ( f (w)j) ~F (W), f (W)D q(W). Then it holds

oL ( - T oL T
—= —vec (B} (CV p(W)C(2)> . = =vec ( c® p(W)AQC<2>) . (3.6
dAq @ ( ) 9B, ( )

Proof. See Appendix C.2 for a detailed proof. O

Lemma 3.2 states that the chain rule terms for characterizing Problem 2 are tied to p(-). Therefore,
to characterize GEQA), GEQB) (i.e., the approximations of Ggl), G(QB)), we need to approximate the

functions f(-), ¢(-), ¢(-), and hence p(-) with precision guarantees. To do so, it is convenient to
consider the following decomposition of p(-).

Definition 3.6 (Decomposition of p(-)). For every j € [L], we define py(W);, p2(W); € R* as

(W) = diag (f (W), ) a(W); and  pa(W); = f (W), | (W)] q(W);,

such that p(W) = p1 (W) — pa(W).

Overview of Our Proof Strategy. Definition 3.6 motivates the following strategy: term-by-term
approximation for precision-guaranteed, almost linear time algorithms to compute (3.6) (Problem 2).

Step 1. Prove the existence of almost linear approximation algorithms for f(-), ¢(-), ¢(-) via low-rank
approximation: Lemma 3.3, Lemma 3.5 and Lemma 3.4.

Step 2. Prove the existence of almost linear approximation algorithms for p; (-), p2(+) and hence p(-)
via the low-rank-preserving property of the multiplication between f(-) and ¢(-): Lemma 3.6
and Lemma 3.7.

Step 3. Prove existence of almost linear approximation algorithms for the LoRA adapter gradients
(.e., 0‘?4 and 7 in (3.6)) with results from Step 1 & 2: Theorem 3.1.

Step 1. We start with low-rank approximations for f(-), g(-), c(+).

Lemma 3.3 (Approximate f(-), Modified from (Alman and Song, 2023)). Let I" = o(v/log L) and
ky = LoW. Let C, 0@ € REX4, W € R¥*4, and f(W) = D~ exp (C<1>W (0(2))T) with

D = diag (exp (COW (C®) ") 1,) follows Definitions 3.2 to 3.5. If max (|COW]| _ <
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I‘,HC(Q) ||oo) < T, then there exist two matrices Uy, V7 € RL*F1 guch that ||U1V1—r - f(E)HOO <
¢/poly(L). In addition, it takes L'*°(1) time to construct U; and V;.

Proof. This lemma is an application of (Alman and Song, 2023, Theorem 3.8). O

Lemma 3.4 (Approximate c(+)). Assume all numerical values are in O(log L) bits. Letd = O(log L)
and c(W) € RE*4 follows Definition 3.5. There exist two matrices Uy, V; € RE**1 such that

HU1V1TC(3) vy - C(E)HOO < e/poly(L).

Proof. See Appendix C.3 for a detailed proof. [

Lemma 3.5 (Approximate ¢(-)). Let ky = L°1), ¢(W) € RE*? follows Definition 3.5 and let
qW) = C® (c(W ))T € REXL follows Lemma 3.2. There exist two matrices Uy, Vo € REXF2
such that ||U2V," — q(W)||_ < €/poly(L). In addition, it takes L'°(1) time to construct Uy, V5.

Proof. See Appendix C.4 for a detailed proof. O

Step 2. Now, we use above lemmas to construct low-rank approximations for py (), p2(-), p(*).

Lemma 3.6 (Approximate p;(-)). Let kl, ko, ks = L°(M) . Suppose Uy, Vi € RE*F1 approximates
f(W) € REXL such that ||U3V;" — || < ¢/poly(L), and U, Vo € RL*k2 approximates
the q(W) € REXL such that ||U2V2 —q(W H < ¢/poly(L). Then there exist two matrices
Us, Va3 € RL%¥s such that

|UsVs" —pr (W), < e/poly(L).
In addition, it takes L1 T°() time to construct Us, V.
Proof Sketch. By tensor formulation, we construct Us, V3 as tensor products of Uy, V; and Us, Vs,

respectively, while preserving their low-rank structure. Then, we show the low-rank approximation of
p1(-) with bounded error by Lemma 3.3 and Lemma 3.5. See Appendix C.5 for a detailed proof. [J

Lemma 3.7 (Approximate pa(-)). Let ki, ko, kg = L°). Let po(W) € RE*E follow Definition 3.6
such that its j-th column is po(W); = f(E)Zf(E)qu(W) for each j € [L]. Suppose Uy, Vi €

RE*F1 approximates the f(X) such that ||U3V," — || < ¢/poly(L), and Uy, Vo € RL*kz
approximates the g(W) € REXL such that HU2V2 —q(W)||. < e/poly(L). Then there exist
matrices Uy, Vi € RL¥¥4 such that

U2V, = p2(W)]|, < €/poly(L)
In addition, it takes L't°() time to construct Uy, Vj.
Proof Sketch. By considering the following decomposition through tensor formulation
(11
p2(W); = [ (W), f (W)] q(W);,
(I

we approximate the py(-) part by part. Specifically, for (I), we show its low-rank approximation
by observing the low-rank-preserving property of the multiplication between f(-) and ¢(-) (from
Lemma 3.3 and Lemma 3.5). For (I), we show its low-rank approximation by the low-rank structure
of f(-) and (I). See Appendix C.6 for a detailed proof. O
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Step 3. Combining above, we arrive our main result: almost linear algorithm for Problem 2.

Theorem 3.1 (Main Result: Existence of Almost Linear Time ALoRAGC). Suppose all numer-
ical values are in O(log L)-bits encoding. Recall that W = W*Q + BgAg € R¥*? with
Wy = rWg/a. Let CO) = x@¢2 0@ = XxEWg follows (3.2). If |CHW| < T
and ||C® |.. < T, where I' = o(y/log L), then there exists a L'*°() time algorithm to solve
ALoRAGC (L,d = O(log L),r = L°") ¢ = 1/poly(L)) (i.e., Problem 2). In particular, this algo-
rithm outputs gradient matrices ég) € RIxT, 583) € R"*4 such that

oL ~(A) oL

~(B)
|35 —Gg llo < 1/poly(L), and |[55— —Ggq oo < 1/poly(L).
3AQ Q BBQ Q

Proof Sketch. By Lemma 3.2, we have 9£/94, = vec(B,(CM)Tp(W)C®@), and 9£/op, =
vec((C)Tp(W)AgC®). By Lemma 3.2 and Definition 3.6, we have p(W) = py(W) —
p2(WW). Firstly, we notice that the exact computation of Bg (CM) and AgC® takes only
Lo time, by Ag € R™4, By € R¥>7, 0, 02 ¢ REX4. Thus, to show the ex-
istence of L'*°() time algorithms for Problem 2, we prove fast low-rank approximations for
Bg(C(l))Tpl(E)C(z) and (C™M)Tp; (W)AgC® by Lemma 3.6. The fast low-rank approxima-
tions for — B/, (CNTpoy(W)C@ and —(CM) Tpy (W) AgC? follow trivially. See Appendix C.7
for a detailed proof. O

General Case: Full LoORA Adaptation on W, Wq, Wy,. We defer the analysis of full LoORA on
transformer ((C2) General Case: adapting both Wy, W, Wy,) to Appendix A due to page limit.
Importantly, we also prove the existence of an almost linear-time LoRA (Theorem A.1). In addition,
we derive the norm bound conditions required for it to hold.

4 NORM-BASED PHASE TRANSITION IN EFFICIENCY

In this section, we characterize the computational limits of all possible efficient algorithms of
ALoRAGC, via fine-grained reduction under the Strong Exponential Time Hypothesis (SETH).

Strong Exponential Time Hypothesis (SETH). Impagliazzo and Paturi (2001) introduce the Strong
Exponential Time Hypothesis (SETH) as a stronger form of the P # NP conjecture. It suggests that
our current best SAT algorithms are optimal and is a popular conjecture for proving fine-grained lower
bounds for a wide variety of algorithmic problems (Williams, 2018b; 2013; Cygan et al., 2016).

Hypothesis 1 (SETH). For every € > 0, there is a positive integer k& > 3 such that £-SAT on formulas
with n variables cannot be solved in O(2(1=<)") time, even by a randomized algorithm.

Our primary technique involves casting the ALoORAGC problem (Problem 1) as a fine-grained reduc-
tion under SETH, from the hardness result of fast attention approximation algorithm (Alman and
Song, 2023). For simplicity of analysis, we consider the special case (C1).

Theorem 4.1 (Inefficient Threshold). Let x : N — N by any function with (L) = w(1) and
k(L) = o(log L). LetT’ = O(+/log L - k(L)). Assuming Hypothesis 1, there is no algorithm running
in time O(L?°) for any constant § > 0 for ALORAGC(L,d = O(log L), < d, €), i.e., Problem 2,
subject to (3.3), even in the case where the input and weight matrices satisfy || X (K )WI*{HOO <T,

eX®BgAg/rllee <T,Y =0and e = O((log L)~4).

Proof Sketch. Firstly, we recall the hardness of sub-quadratic Attention Gradient Computation
approximation, i.e., AttLGC from (Alman and Song, 2024a) (defined in Definition E.1). This serves
as a reference point for the complexity we anticipate for ALORAGC defined in Problem 2. We then
proceed with a reduction from problem AttLGC to problem ALoRAGC. Essentially, by showing that
AttLGC is at least as hard as ALORAGC, and then showing how to solve AttLGC using a solution to
ALoRAGC, we establish the hardness of ALORAGC. See for Appendix E for a detailed proof. O
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Remark 4.1. Theorem 4.1 suggests an efficiency threshold for I'. Only below this threshold are
efficient algorithms for ALORAGC possible. This is a I'-based phase transition behavior in efficiency.

Remark 4.2. In Theorem 4.1, we show that even the simplest single-data-point case with Y = 0
is hard. Hence, our result also applies to the special case (C1) (i.e., Problem 2) and general case
(C2) (i.e., Problem 3). Specifically, it is evident that computing the gradient for multiple data points
(whether the full gradient or a stochastic mini-batch gradient) is at least as hard as for a single data
point. The hardness follows trivially.

5 DISCUSSION AND CONCLUDING REMARKS

We study the computational limits of the Low-Rank Adaptation (LoRA) for transformer-based model
finetuning using fine-grained complexity theory (i.e., under Hypothesis 1). Our main contribution
is the proof of the existence of almost linear approximation algorithms for LoRA adaptation on
transformer-based models. We accomplish this by utilizing the hierarchical low-rank structures
of LoRA gradients (Lemmas 3.3 to 3.5) and approximating the gradients with a series of chained
low-rank approximations (Lemmas 3.6 and 3.7). To showcase our theory, we establish such almost
linear approximation for both partial (Theorem 3.1) and full LoRA adaptions (Theorem A.1) of
attention weights. In addition, we identify a phase transition behavior in the efficiency of all possible
variants of LoRA (Theorem 4.1) by adjusting the norm upper-bound I' of input, pretrained, and
adaptor weights. Specifically, we establish an “inefficiency threshold” for I', only below which
adapting transformer-based models with LoRA in L?>~°(}) (sub-quadratic) time is possible.

Remark 5.1 (General Case: Full LoRA Adaptation on W, Wq, Wy/). We defer the analysis of full
LoRA on transformer (adapting both W, Wq, Wy matrices) to Appendix A due to page limit.

Remark 5.2 (Insights for Practitionars: Necessary Conditions for Efficient and Robust LoRA). This
work is about LoRA on transformer models. Therefore, the computational bottleneck is by design
O(L?) (see Appendix F for discussions and a proof.) In this regard, our work provides in-depth
analysis to address this O(L?) bottleneck and provides useful insights and guidance for designing
efficient LoORA algorithms and methods with precision guarantees:

* Theorem 4.1: Necessary Conditions for Subqudratic Time LoRA. Proper normalization of the
composed norms, e.g., || X F)Wx|| < T and ||aXZ-(Q)BQAQ/7’|| < T withT = O(y/log L-k(L)).
* Theorems 3.1 and A.1: Necessary Conditions for Almost Linear Time LoRA. Proper normal-
ization of the composed norms, e.g.,
— For partial LoRA on Wg, Wy, (Theorem 3.1): H%X(Q)WHOO < TI' and ||X(K)VV;‘(||OO <Tr
withT' = o(v/Iog L).
— For full LoRA on Wi, Wq, Wy (Theorem A.1): || X (@) (W + BoAq) Wk|| < T,
[XE|| <T, | X @Wq|| <T,and || X5 (W + 2BgAk) | <T withT = o(y/Iog L).
Suitable normalization of the composed norms can be implemented using pre-activation layer normal-
ization (Xiong et al., 2020; Wang et al., 2019) to control || X||, or outlier-removing attention activation
functions (Hu et al., 2024a) to control {||W,||, [|A.|l, | B.ll}u=k,q- On one hand, our findings

provide formal justifications for these methods. On the other hand, these necessary conditions also
motivate the design of future efficient methods with minimal model and data assumptions.

Remark 5.3 (Self- and Cross-Attention). We emphasize that all these results hold for not only self-
attention but also cross-attention due to our generic problem setting (Definition 2.5 and Remark 2.1).
Proof-of-Concept Experiments. We provide numerical results to justify our theory in Appendix G.

Limitations. We identify necessary conditions for fast LORA methods, not sufficient conditions.
Therefore, our results do not lead to direct implementations. This limitation is inherent to hardness
results (Toolkit, 2013). However, as discussed above, we expect our findings to provide valuable
insights for future efficient LoRA implementations in both forward and backward computations.

Impact Statement. This theoretical work aims to elucidate the foundations of large transformer-based
foundation models and is not expected to have negative social impacts.

Related Works. We defer the discussion of related works to Appendix B due to page limit.
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A GENERAL CASE: FULL LORA ADAPTATION ON W, W AND Wy,
Similarly, we formulate the full adaptation (C2) of an attention head as the following LoRA loss.

Definition A.1 (Adapting Wx, Wg, Wy of Generic Attention with LoRA). Let D =

(x5 x@ X)) ¥}V | be a dataset of size N with the triplet X, x(® x) ¢ RLxd
being the input and Y; € RE*4 being the label. The problem of fine-tuning a generic attention with
LoRA with /5 loss from dataset D is formulated as

« « «
min E(WK = W[*( + —Bg Ak, Wqo = Wé aF *BQAQ, Wy = W‘J} A *BvAv)
Br,Bg,By €RX", r r r

Ak ,Ag,Ay R4

2NZHD exp{X(Q)WQWT K)ﬁ}X Yy il

Here D := diag(eXp{X(Q)WQWIT(X(K),B}]IW) € REXL,

By simplifications (S1), (S3) and (S4), we fix Wy, set 5 = @/r = 1 and consider LoRA adaptation on
a single data point. Akin to simplification (S2), we introduce Cg), Cg), C’g), C’g), C®) ¢ RExd;

O =X (W + gBQAQ) ;0P = xU), (A1)
oy =x@, 0F =X (Wi + BxAk), and C® = xVWy.

Remark A.1. C’E(l), C’g), C®) are constants with respect to adapting By, A with gradient updates.
Cg ), Cg ), C®) are constants with respect to adapting Bg, Ag with gradient updates.

Therefore, the full LoRA adaptation loss in Definition A.1 becomes

.
D lexp {X(Q) (W5 + BoAg) (Wi + BicAx)" (X<K>) } XMWy —

min ,
By ,BoCRYX" F
Ar,AgCR™¢
(A2)
where D = diag (exp (C’;(l)(WI*( + BKAK)T(CS))T)]IL) = diag (exp (C’S)(Wé +

BQAQ)(CS))T)]IL) S REXL,

Similar to Section 3, we introduce the following problem to characterize all possible gradient
computation of (A.2), and arrive similar results as Section 3: almost linear algorithm for Problem 3.

Problem 3 (Approximate LoRA Gradient Computation (ALoORAGC(L, d, r, €))). Assume all numeri-
cal values be in log(L) bits encoding. Let £ follow (A.2), e > 0, and ||Z|| , = max; ; |Z;;|. The
problem of approximating gradient computation of optimizing (A.2) is to find four surrogate gradient

matrices {G\;") € R™*" G\P) € R4}, _x ¢ such that

B) 0L

7” ’V(A)
8B '’

HaEEDE ({HG G, H }u KQ)

€.

Theorem A.1 (Main Result: Existence of Almost Linear Time ALoRAGC). Let ' = o(y/log L).
Suppose all numerical values are in O(log L)-bits encoding. For p = Q, K, let W,, = Wi+ B, A, €

R4 If “C,SI)WHH < T and HC’,(E) H < T for both 1 = Q, K, then there exists a L't°(!) time

algorithm to solve ALoORAGC(L,d = O(log L), r = L°") ¢ = 1/poly(L)) (i e., Problem 3) up to

1/poly(L) accuracy. In particular, this algorithm outputs gradient matrices {G A) € R G|, G e
R4} _ ¢ o such that

oL (4) oL  ~(4)
max({lfou [ !aA — G, [} uek.g) < 1/poly(L).
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Proof. See Appendix D for a detailed proof.
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B RELATED WORKS

Fine-Grained Complexity. The Strong Exponential Time Hypothesis (SETH) is a conjecture in
computational complexity theory that posits solving the Boolean satisfiability problem (SAT) for n
variables requires time 2" in the worst case, up to sub-exponential factors (Impagliazzo and Paturi,
2001). It extends the Exponential Time Hypothesis (ETH) by suggesting that no algorithm can solve
k-SAT in O(2(1=9") time for any e > 0 (Calabro et al., 2009). SETH has significant implications for
the hardness of various computational problems, as proving or disproving it would greatly enhance
our understanding of computational limits (Williams, 2018b; 2013).

In essence, SETH is a stronger form of the P # NP conjecture, suggesting that our current best SAT
algorithms are optimal. It states as follows:

Hypothesis 2 (SETH). For every € > 0, there is a positive integer k& > 3 such that k-SAT on formulas
with n variables cannot be solved in O(2(1~)") time, even by a randomized algorithm.

SETH is widely used for establishing fine-grained lower bounds for various algorithmic challenges,
including k-Hitting Set and k-NAE-SAT (Williams, 2018b; Cygan et al., 2016). This conjecture
is crucial in deriving conditional lower bounds for many significant problems that otherwise have
polynomial-time solutions in diverse fields such as pattern matching (Chen and Williams, 2019;
Bringman and Kiinnemann, 2018; Bringmann et al., 2017; Bringmann and Mulzer, 2016; Backurs
and Indyk, 2016; Bringmann, 2014; Abboud et al., 2014), graph theory (Dalirrooyfard et al., 2022;
Chan et al., 2022; Abboud et al., 2018; Gao et al., 2018; Krauthgamer and Trabelsi, 2018; Roditty and
Vassilevska Williams, 2013), and computational geometry (Karthik and Manurangsi, 2020; Williams,
2018a; Rubinstein, 2018; Chen, 2018; Buchin et al., 2016).

Based on this conjecture, our study employs fine-grained reductions under SETH to explore the
computational limits of Low-Rank Adaptation (LoRA). Previous research in fine-grained reductions
includes the work by Backurs et al. (2017), who examine the computational complexity of various
Empirical Risk Minimization problems, such as kernel SVMs and kernel ridge. Alman et al. (2020)
investigate the effectiveness of spectral graph theory on geometric graphs within the constraints of
SETH. Aggarwal and Alman (2022) address the computational limitations of Batch Gaussian Kernel
Density Estimation. Expanding on these studies, Gu et al. (2024a;b); Alman and Song (2024b; 2023)
explore transformer attention and introduced a tensor generalization. Alman and Yu (2024) establish
the fundamental limitations on subquadratic alternatives to softmax transformers. Hu et al. (2024c¢)
show that efficient dense associative memory a.k.a. modern Hopfield models and corresponding
networks also need bounded query and key patterns for sub-quadratic time complexity. Compared to
existing works, this work is, to the best of our knowledge, the first analysis of computational limits
for parameter-efficient fine-tuning of large foundation models (Hu et al., 2021).

Low-Rank Adaptation (LoRA). In this paper, we focus on LoRA (Hu et al., 2021), a method
that leverages low-rank matrices to approximate updates to the weights of neural models. Various
extensions of LoRA have been proposed to address different challenges in model training and
deployment. For instance, DoRA (Liu et al., 2024) focus on enhanced parameter efficiency. QLoRA
(Dettmers et al., 2024), LoftQ (Li et al., 2024), QA-LoRA (Xu et al., 2024b), and LQ-LoRA (Guo
et al., 2024) focus on both memory and parameter efficiency in model compression and quantization.
Additionally, DyLoRA (Li et al., 2020), AdaLLoRA (Zhang et al., 2023), and SoRA (Ding et al.,
2023) focus on dynamically determining the optimal rank » for LORA implementations. LoRAHub
(Huang et al., 2023) focus on multi-task finetuning. LoORA+ (Hayou et al., 2024) focus on efficient
feature learning. Despite the methodological and empirical successes, the theoretical side is relatively
underdeveloped. While Zeng and Lee (2024) explore the expressiveness of LoORA from a universal-
approximation perspective, and Hayou et al. (2024) investigate the optimal adapter learning rate
with respect to large model width, to the best of our knowledge, no existing analysis focuses on the
computational limits of LoRA. Therefore, this work provides a timely theoretical analysis of LoRA’s
computational limits, aiming to advance efficient finetuning of large foundation models in terms of
both parameter usage and computational time.

Outliers in Attention Heads. Our results indicate that outliers (e.g., large || XW*|| and | XW* +
aXBA/r|) in attention heads hamper LoRA efficiency and performance. This outlier effect is
well-known in pretraining large foundation models for its negative impact on models’ quantization
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performance (Sun et al., 2024). For pretraining, prior works identify the existence of no-op tokens as
the main source: tokens with small value vectors tend to receive significantly large attention weights
(Hu et al., 2024a; Bondarenko et al., 2023). Specifically, Hu et al. (2024a) interpret this outlier
effect as inefficient rare memory retrieval from the associative memory/modern Hopfield model
perspective (Wu et al., 2024a;b; Xu et al., 2024a; Hu et al., 2025; 2024b;c; 2023) and propose the
outlier-efficient Hopfield layer for transformer-based large models, demonstrating strong empirical
performance and theoretical guarantees. The advantages of controlling outliers in the attention heads
of transformer-based large foundation models are also emphasized in various theoretical studies (Gu
et al., 2024a;b; Alman and Song, 2024a;b; 2023; Gao et al., 2023a). Yet, to the best of our knowledge,
there is no existing work on outliers in LoRA fine-tuning. This is the first work establishing that the
LoRA adaptor weights might lead to performance and efficiency degradation due to their additive
nature: | XW* +aXBA/r|.
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C PROOFS OF SECTION 3

C.1 PROOF OF LEMMA 3.1

Proof of Lemma 3.1. With LoRA loss (3.3), we have

L) = d (1,
av — 22w, (g7 Wi )
j=11=1
Note that for each j € [L] and i € [d],
d 1 9
Z > By (3.3
- (32 (By 63)
W d<f(w)i’c(3)["i]> By Definition 3.5
=c 7)1)1» v (By Definition 3.5)
df(W);
- C( ) A\ T (3)['77;]
J < dwi
d (e wyuw),)
=c(W),, v ,CO 4] (By Definition 3.4)
du(W); da(W)
_— 1 J —2 J 3
=c(W); <a<>J av. W) gy w0, 0L
—— ————
(I (1)
(By product rule and then chain rule)
e Part (I). We have
du(W); dexp (Clﬂ) .
L _ By Definition 3.
aw, aw, ( y Definition )
dC;w
= exp (C1E> ® aw,
. d(C;w dC; W .
= Gl i © u(W),. (By U 49 ¢ e = (C)) [d])
e Part (II). We have
da(w);  d(uli);,15) A
= = By Definition 3.3
Qv Qv (By Definition 3.3)
= <Ci[" il ® u(w)i, ]lL> (By Definition 3.2)
= <Cl[" i, U(W)l> . (By element-wise product identity)

Combining (I) and (IT), we get

= e(W)i [(CDil, Clvil © FW); ) = (CDLil, f ) ) - (Gyleval, S,
— o(W);4C] (diag (F(W);) = F(W),f(W)] ) €D

This completes the proof. O
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C.2 PROOF OF LEMMA 3.2
First, we present a helper lemma.

Lemma C.1. For any a € R, let diag,(a) € R%*? be a d x d diagonal matrix with all entries equal
to a. Let Jg, Ja € R% %74 be two matrices such that W = E*Q + JpAg, and W = EZ; + JaBg
via

Bo dings (AglL, 1)) -~ dingy (Aqr, 1]
Bq diag, (AQ[1,2]) --- diagy (Ag[r,2])

JB = .. 7JA = . .
Bq diag, (Ag[l,d]) --- diagy (Aglr,d])

The derivatives of loss function (3.3) w.r.t. Ag, By are therefore

. AQ S e €] (diag (r(W);) - FW) 1 (W)] ) COL,4)
J=11:=1
L d
=3 IR e(W) ;€] (diag (FW);) - FOV); ()] ) COL, ).
Jj=11i=1
Proof. The proof follows standard chain-rule and Lemma 3.1. O

Then, we prove Lemma 3.2.

Proof of Lemma 3.2. From Lemma C.1, we have

;Tﬁ _ ZZ J;C(W)l»icz (diag (f(ﬂ)l) - f);

)] ) CELi

j=1
(B) q(W) = O (’(l))T c JRLXL)
L
- Z J; C;p(w)l (By Definition 3.6)
J=1 B

Similarly,

(By q(W) := C® (c(W))" € R**F)

L
=Y JiC/p(W); (By Definition 3.6)

. N T ) ) N T
- ((,'”“BQ g (ﬂ—“) Land J}C) = ((‘“) ® A,LQ(,”«—/’) )

This completes the proof. O
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C.3 PROOF OF LEMMA 3.4

Proof of Lemma 3.4. Our proof is built on (Alman and Song, 2023, Lemma D.2). By definitions,

|oviTe® —y - )

— o e® —y - fane® 1y || (By c(W) = f(W)C® — )
= |@vi" - ra) |
o0
< e/poly(L). (By (Alman and Song, 2023, Lemma D.2))
This completes the proof. O

C.4 PROOF OF LEMMA 3.5
Proof of Lemma 3.5. Our proof is built on (Alman and Song, 2023, Lemma D.3).

Let g(IW) denote an approximation to ¢(W). By Lemma 3.4, U; V;" C®) — Y approximates c(1¥)
with a controllable error.

Then, by setting
-
qw) = (i e® -y)
we turn g(WW) into some low-rank representation

.
qw) =@ (c®) vl - cyT.

By k1,d = L°M"), it is obvious that computing ((/”(3))T Vi U] only takes L'*°M) time.
Then we can explicitly construct Uy, Vo € RE*#2 in L1+0() time as follows:
Up= (C® —C®) e Rk, V= (U,VTC® ) € REX2,
e T

with ky = 2d = L°1) by d = O(log L). This leads to

]
fw) = (e —co) ((0) AU gy,

Therefore, for controlling the approximation error, it holds

-
7))l = |0 (G700 - ¥) - ey T
<afoo]_fpvres v -

< ¢/poly(L). (By Lemma 3.4)

Thus, we complete the proof. O
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C.5 PROOF OF LEMMA 3.6

Proof of Lemma 3.6. We proceed the proof by constructing low-rank approximation of p; () with
decomposing p;(+) into f(-) and ¢(-) through tensor formulation, and then approximating p; part by
part.

We denote © for column-wise Kronecker product such that A © B = [A[-,1] ® B[-,1] | ... |
Al k1] ® B[, k1]] € REXFikz for A € RE¥Fr B ¢ REXFz2,

Let f(W) == U1V} and (W) = UV, denote matrix-multiplication approximations to f(WW) and
q(W), respectively.

L><k71 LXk:Q L><k}1 LXkQ
. N = ~~ /=
For the case of presentation, letUs = U; © Uy and V3= Vi © V5 . Itholds

[UV5" = (W)]|
= [|UsV5" = fW) @ q(W)|| (By p1(W) = f(W) ® q(W))
= H(Ul o Us) (Vi @ VQ)T - fW)e Q(E)Hw
= (W) © (U2V5") = f(W) © gV

= [lF) © ¢W) = f(W) © ¢(W)]|o

< W) ©qW) = f(W) © ¢(W) o + [If(WV) © ¢(W) = f(W) © ¢q(W)]|s
(By triangle incqualily)
< e¢/poly(L). (By Lemma 3.3 and Lemma 3.5)
Computationally, by k1, ko = L°(), computing Us and V3 takes L'+°(1) time.

This completes the proof. O

25



Published as a conference paper at ICLR 2025

C.6 PROOF OF LEMMA 3.7

Proof of Lemma 3.7. By considering the following decomposition through tensor formulation

(1)

p2(W); = f (W), f (W) a(W);,

we approximate the py(-) part by part. Specifically, for (I), we show its low-rank approximation
by observing the low-rank-preserving property of the multiplication between f(-) and ¢(-) (from
Lemma 3.3 and Lemma 3.5). For (II), we show its low-rank approximation by the low-rank structure
of f(-) and (D).

Part (Il. We define a function (W) : R — RE such that the j-th component r(W); =

.
( fw) j) q(W); forall j € [L]. Let 7(IW) denote the approximation of 7 (/) via decomposing

into f(-) and ¢(-):
), = (FO);,W);) = (7)1, [0V 1)
—U W Ve (Teli ) C.1)
— ~—

kixL Lxkz

for all j € [L]. This allows us to write po(W) = f(W) diag(r(J/)) with diag(7(J/)) denoting a
diagonal matrix with diagonal entries being components of (V).
Part (I).  With r(-), we approximate p,(-) with po (W) = f(W) diag(7(W)) as follows.

Since f(W) has low rank representation, and diag(?(ﬂ)? is a diagonal matrix, ps(-) has low-rank
representation by definition. Thus, we set po (W) = U4V, with Uy = Uy and V; = diag(7(WW)) V4.
Then, we bound the approximation error

[0V, = p2(W)]|
= [[p2(W) = p2 (W)
= max || Fw),7(W), — FW);r(w),

JE[L]
< e [|| FO0) 700 — W)W, |+ [T 70w, = s ron) ||

(By triangle inequality )
< ¢/poly(L).
Computationally, computing V' V5 takes L'+°(1) time by k1, ky = L.

Once we have V" V5 precomputed, (C.1) only takes O(kiks) time for each J € [L]. Thus, the
total time is O (Lk1ky) = L'*t°(M). Since U; and V; takes L'T°(M) time to construct and V; =
diag(7(W)) Vi also takes L'T°(1) time, U, and V; takes L'*°(!) time to construct.

—— L~

LxL Lxky

This completes the proof. O
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C.7 PROOF OF THEOREM 3.1

Proof of Theorem 3.1. By the definitions of matrices p(W) (Lemma 3.2), p; (W) and po (W) (Defi-
nition 3.6), we have p(W) = p1 (W) — pa(W).

By Lemma 3.2, we have

oL < T T oL T
—= —vec (B, (CV p(W)c<2>) e Vec< o p(W)AQC’(2)> . (C2)
oiq a(c) am; ~ (@)

Firstly, we note that the exact computation of B}, (C™V)) and AoC® takes L'*°(!) time, by
Ag € R™4 By € R (M) 02 ¢ REXA, Therefore, to show the existence of L'+°(1) al-
gorithms for Problem 2, we prove fast low-rank approximations for Bg (C’ (1))T p(W)C ) and
(cW) "o (W)ApC® as follows. The fast low-rank approximations for — B/, (C’(l))T pe(W)C?
and — (C(l))T D2 (E)AQC@) trivially follow.

Fast Approximation for B}, (CV)) " p (W)C®), Using p1 (W), 5> (W) as the approximations to
p1(W), p2(W), by Lemma 3.6, it takes LYo time to construct Us, Vs € RE*F3 subject to

B} (Cu))Tﬁl(mcm) — B} (Cu))T Us VT O,

dx L
TXd e~ [ x kg k3XL Lxd

= T A~ =
Then we compute Bg (C(l)) Us , Vo' C® Byr d, ki, ks = L°W), this takes L'+°(1) time.

’I‘><k:3 k‘ng

—~
-
Finally we compute <Bg (C(l)) U3> (V;C(Q)) By r,d, ki, ks = L°1), this takes L'to()

time. So, overall running time is still L'*°(1),

Fast Approximation for (C’(l))T p1(W)AgC?).  Similarly, computing (C'(l))—r p1(W)AC®
takes L'+°(1) time.

Fast Approximation for (C.2). Notably, above results hold for both ps(z) and p; (x). Therefore,
computing B/, (C’(l))—r p(W)C?), (C’(l))—r p(W)AgC®@ also takes L'V time.

Approximation Error. We have

L 5
9% _a
04q 9
T T
= ||vec (B;g (C(l)> p(W)C(2)> — vec (B;g (C(l)> ﬁ(W)C(2)> H (By Lemma 3.2)

= (53 (c) s - (25 (o) s )|

(By definition, [|A|| == max; ; |A;;| for any matrix A)

T T
< (52 () e - mwne®)| + (53 (¢) @) - o o )|
* (By Definition 3.6 and triangle inequalil;o)
< I1Ball @] _ e _ tor@) = il + ) - 2))ll.0)
(By the sub-multiplicative property of x—norm)
< ¢/poly(L). (By Lemma 3.6 and Lemma 3.7)
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Similarly, it holds

86 ~(B)
— -G
0B, ¢

oo

— |lvec ((C(l))Tp(W)AQC(2)> - (Bg (C(l))Tﬁ(W)AQO(2)> H
_ <(C(1)>TP(W)AQC(2)> . <(C(1)>T§(W)AQC(2))
(S O

Il @[ [e®|_ i) - 5@l + @) - m@))il)
< ¢/poly(L).

Setting ¢ = 1/poly(L) , we complete the proof. O

o0

HOO

IN

o0

IN
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D PROOF OF THEOREM A.1

We prepare the proof with the following definitions and lemmas.

Similar to Section 3, we introduce the u(-), (), f(+), ¢(-) notations. Notably, we introduce them for
both K and () because there are two sets of adaptors: B, Ax and Bg, Ag.

Definition D.1 (u(-)). Let CX := C\V®C %, and CQ := C’S)@)C’g). Recall that CK, C% € RELxd*
are sub-block matrices of C¥, C?. For every j € [L], we define two functions ux (W) 5 u(W); :
R? — RL: ug (W); = exp (Cfﬂ) € R* and ug(W); = exp(C?E) € RL.

Definition D.2 (a(-)). Let CX = ¢V @ C'?), and CQ = CS) ® Cg). Recall that CI, C9 €
RE%4 are sub-block matrices of C,CQ. For every index j € [L], we define two func-
tions aq(W);, ax(W); : RY - R: ag(W); = (exp(CinE),Ilﬁ € Rand ag(W); =
(exp(Cfﬂ),ﬂm cR.

Definition D.3 (f(-)). Let aq(W);, ax (W); € R follow Definition D.2, and ux (W);, uq(W), €
R* follow Definition D.1. For any j € [L], we define two functions fo(W);, fx(W); : :RY 5 RL
as

foW); = aqW); uqW);, fx(W); = ax(W); " ukx (W);,

—_—— — —_— —

scalar Lx1 scalar Lx1

such that fo (W), fx (W) € RZ*L denote the matrices whose j-th rows are fo (W )J fr(W)].
Definition D.4 (c(-)). Forevery j € [L], let fo(W);, fx (W), : R — RL follow Definition D.3.
For every i € [d], let C®)[-,i] € RE follow (A.1). For each j € [L] and i € [d], we define two
functions cq(W) i, cx (W), : RY x RY — Ras

cqW)ji = (foW);,COL,il) = Y5, ex(W);i = (fx(W);,COL,i]) — ¥,

Here Y} ; is the (4, i)-th coordinate/location of Y € RE%4 for j € [L],i € [d].

These give
o) = fo)C® - ¥ | and cx(W) = fx(W)C® — v .
—— YT % — =7 T

Definition D.5. For every j € [L] and every i € [d], let Lo(W); = co(W)3,/2, and
L (W) = cx(W)3,/2.
Let matrix W = W§ + BoAg - Wk = W + B Ak and loss function £ be (A.2). From above

definitions, it holds L(Ak, Bk, Ag, Bg) = E(EQ,E k) and the adaptation gradients of £ (A.2)
become

aﬁ (EQ,EK) 8 L d a 1 L d
oW T oW > D LoWg)ji= WgZZ QWq)3 s (D.1)
9 —Q =1 Q% =1
and
oL (EQ7EK) 0 L. T 9 1 L d .
= LxkWgk)ji= —75 W2, D.2
AL a2 R = g e W 02
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(D.1) and (D.2) present a decomposition of the gradients of LoRA loss £ (A.2) aspect to W and
WIT( into L - d terms, each simple enough for tracking gradient computation.

Now, we are ready to compute the gradients of the LoRA loss aspect to W, and w; as follows.
Lemma D.1 (Low-Rank Decomposition of LoRA Gradients). Let Cx = Cg) ® Cg), Co =

C’S) ® C’g). Let fine-tuning weights be Wq = W, + BoAg and W = Wi + Bi Ak, and the
loss function £ follow Definition D.5. It holds

P = 325 ca i), (65) (0ns (10 (o)) = fo (W), o (o)) €k

P 1) _ S5 (), ()" (s (s 32F),) e (), e ()] )€

Proof. This lemma is a generalization of Lemma 3.1. O

Next, we introduce the ¢(-) and p(-) notations. Again, there are two sets corresponding to the two
sets of adaptors.

Definition D.6. Let qx (W) = C®) (¢ (W))" € REXE, go (W) := C®) (co(W))" € REXL,
Definition D.7. For every index j € [L] , we define pq(W);, po(W); € RE as

pe(W); = (diag (fQ (E)i) —foW); fo (E)D aQ(W);,

pic(W); = (ding (fx (W),) = fic W), fxc (W)} ) axe(W);.

Lemma D.1 presents the Low-Rank Decomposition of LoRA Gradients. Before using the chain rule
to compute the gradients of the loss £ (A.2) with respect to Ag, Ax, Bg, Bx, we need to define a

matrix 7" to handle the transpose term EIT(

Lemma D.2 (Sparse Matrix T'). For any matrix W € R™*™, there exists a matrix T'(m,n) €
R XM guch that W' = T'(m, n)(W). The matrix T'(m, n) is sparse. Namely, for any i € [mn],
there exist 1 < p <mand 1 < k < n such that i = (p — 1)n + k. Then, for any i, j € [mn],

Tm,n)li, 5] := {(1): i)ftljler:wfe.i e

Proof. Forany 1 < p <mand 1 < k < n, consider the position of Wp, k] in W and wr'.
In W, Wip, k| = W[(k —1)m + p).

In W', Wip, k] = W' [(p— 1)n+ k],

Thus,

i W

i, j] - Wjl.

This completes the proof. O

Now, we are ready to compute the gradients of the LoRA loss £ (A.2) with respect to
Ag, Ak, Bg, Bk using the chain rule as follows.
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Lemma D.3. For any a € R, let diag,(a) € R¥? be a d x d diagonal matrix with all entries equal
to a. Recall W = W§ + BgAg and Wi = Wi + BrAxk. Let Jp,.,Ja, € RY >4 pe two
matrices such that W, = W5 + Jp,Ag and W = W5, + Ja, B, via

Br diagy (Ax[1,1]) --- diagy (Ak[r,1])
By diagy (Ag(1,2]) --- diagy (Ax[r,2])

JBK: > ,JAQ: 0 .
By diagy (Ag[1,d]) --- diagy (Ak[r,d])

Let Jp, , Ja, be two matrices such that W, = Wi + Jp, A and Wy = Wi + Ja, By via

Bq diag, (Ag[1,1]) -~ diag, (Ag[r, 1])
Bq diag, (Ae[1,2]) --- diag, (Ag[r,2])

JBQ = .. ) JAQ = o c
Bq diag, (Ag[l,d]) --- diagy (Aglr,d])

Then the derivatives of loss function £ (A.2) respect to AQ , B Qs Ay, By are

=3 () ca ), (€5) (s (s 00)) —fa (1), o (00) ) €011,
e - ZZ (aa) " ca (W), . (C5) " (dins (o (Wo),) ~ fo (W), fo (W)} ) €Ll
e = S 0 (), () (e (1 (47),) =1 (42), 1 (),
DL S 0 ) ) o (W) () (e (i () )~ () e ()

1 1

.
Il
.
Il

Proof. % and % follow Lemma C.1 directly.

For % and %, we have:
Wi = T(d*, d*)W
= T(d* d*) (Wi + Jp, Ak)
= T(d2a d2) (w;( + JAKEK) :
Therefore,
0L _ OW g OL(W o, W)
0Ar  0Ag oW j
OL(W 5, W i)
— 2 2 —Q =K
=T(d",d )JBKW
Similarly,
oL _ OW je OLW o, W i)
OBy 0B oW i
OLW 5, W 5)
= T(d?, d?)J g, —— L1
( ) Ak 6&;(
Thus, we complete the proof by following the conclusions of Lemma D.1. O

Next, we simplify the derivatives with p(-) notation.
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Lemma D4. Let qg,qx € REXL as defined in Definition D.6. Let PQ, Pk as defined in Defini-
tion D.7. Then it holds

oL O\ e

E = vec (B;g (CQ ) pQ(—Q)CQ ’

oL (1) T (2)

@ = vec ((CQ ) PQ(_”Q)AQCQ )

oL 5 5 T (e o (WE) o
8AK T (d*,d ) vec (BK (CK ) DK (_K) Cx' ),

% =T (d2,d2)Tvec ((C};))Tpk' <EIT(> AKOS)) .

Proof. For 0 A and a‘;ﬁ , we follow the proof of Theorem 3.1.

For 7 A‘: , we have

0A,

= 3 ) g e () () (s (e (0F) ) o () (0F) ) 0

s
Il

—
-
I

—

(By Lemma D.3)

S (T () Tny)T (c)’ (diag (fK (WL)J_) i (W) i (WL)JT) axc (WE),

(By Definition D.6>

L
=T (d27 d2)T Z J;K (Cf) ! DK (E}) , (By Definition D.7)
i=1 ) :

=T (dz, dz)—r vec (B} (C’g))TpK (WIT() C;?) . (By Lemma 2.1)
Similarly, for 8 B , it holds

oL

0By

L d -

= 3 ) ex (W), (ci)" (aioe (e (k) ) = (k) s (W) ) €L

- ZL: (T (&, d?) Ja) " (Cf)T <diag <fK (W})]) —fx (W})lﬁ( (WI()JT> K (Eg)j

.
I
—

This completes the proof. O

Similarly, Lemma D.4 states that the chain rule terms for characterizing Problem 3 are tied to pg(+)
and pxQ(-). Therefore, to characterize Gg‘), Ggg), G(I?), and Ggf) (i.e., the approximations of
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GQ G(B G(A and G B)) for 4 = @, K, we need to approximate the functions f,(-), g.(-),

cu()s and thus p#( ) with precision guarantees. To do so, it is convenient to consider the following
decomposition of pu(-) forp=Q, K.

Definition D.8. For every index j € [L], we define p{* (W);, p5 (W); € R” as

pf (W), = diag (fo (W),) ao(W);,  p§(W); = fo (W), fo (W)] aq(W);;,
Pl (W); o= ding (fxc (W), ) axc(W);, w8 (W), = fic (W), fic (W); qxc(W);.

such that po (W) = py Yw) — sz (W), pe(W) = p? (W) - pQQ (W).

Overview of Our Proof Strategy. Similar to Section 3, we adopt the following strategy: term-
by-term approximation for precision-guaranteed, almost linear time algorithms to compute LoRA
gradients in Problem 3. For all u = @, K, we do the following.

Step 1. Prove the existence of almost linear approximation algorithms for f,(-), ¢, (-), and ¢, (-) via
low-rank approximation (Lemma D.5, Lemma D.7, and Lemma D.6).

Step 2. Prove the existence of almost linear approximation algorithms for p'(-), p4(-), and thus
pp(+) via the low-rank-preserving property of the multiplication between f,(-) and ¢, (-)
(Lemma D.8 and Lemma D.9).

Step 3. Prove the existence of almost linear approximation algorithms for the LoRA adapter gradients
oL _aL

(.e., %, 94, DBy and % in Lemma D.4) using the results from Step 1 and Step 2
(Theorem A.1).
Step 1. We start with low-rank approximations for f,(-), g, (-), c.(-).
Lemma D.5 (Approximate fo(-), fx(-)). LetT' = o(y/log L), for u = @, K, suppose C’l(f), C’ff) €
T
RI*d W e R4 and f,(W) = D lexp (C’ftl)W (Cff)) with D following (A.2). There
exists a k; = L°W) such that if HC,SDWH <TI'and HC,SQ) H < T, then there exist four matrices
UL, V2 UK, VE € REX# such that
Lt vﬁ)T - fo @H < ¢/poly(L),
(A W)l < ¢/poly(L).

In addition, it takes L'T°() time to construct U, V2, UK VK.
Proof. This follows the proof of Lemma 3.3 O

Lemma D.6 (Approximate cq(-), cx(-)). Assume all numerical values are in O(log L) bits. Let
d = O(log L) and cq(W), cx (W) € RL*4 follows Definition D.4. Then there exist four matrices
UlQ,VlQ,UlK,VlK € RL*k1 such that

|[vR v TE® — ¥ — )| _ < ¢/poly(L),
|UE W TE® — ¥ —ex )| < e/poly(L).
Proof. This follows the proof of Lemma 3.4 O

Lemma D.7 (Approximate qq(+), qx (-)). Let ko = LM, cq(W), cx (W) € REX follows Def-
inition D.4 and let gx (W) = C® (cx(W))T € REXL | go(W) = C® (cq(W))" € REXL,
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(follows Definition D.6). Then there exist four matrices US?, V2, UK V& € RE**2 such that
oz fo — o) < ¢/poly(L),
U5 (Vs) T — qx(W)]|, < e/poly(L).

In addition, it takes L'T°() time to construct U<, V.2, UK VK.

Proof. This follows the proof of Lemma 3.5 O

Step 2. Now, we use above lemmas to construct low-rank approximations for p'(-), p5 (), p.(+)-

Lemma D.8 (Approximate p?(%p (:)). Let ki, ko, ks = L°M, For u = K, (Q, suppose
Ut VI" € RE**1 approximate f, (W) € RE*E such that ||U}' (V)T Hoo < e/poly )
and U}, V§' € REXk2 approximate the g, (W) € RL*E such that HU” V” T— W)
¢/poly(L). Then there exist two matrices U}, V4* € RL>ks such that

||U§L(V3#)T *p’f(E)HOO < ¢/poly(L), foru=K, Q.

In addition, it takes L'+°() time to construct U, V2, UK VK.
Proof. This follows the proof of Lemma 3.6 O

Lemma D.9 (Approximate pS (-), p& (-)). Let ki, ko, ks = L°D). Let p§ (W), p& (W) € REXE
such that its j-th column is po(W); = f(W);f(W )JTq(W) follow Definition D.8, for each

Jj € [L]. For ,u = K,Q, suppose Uj',V}* € RE*F approximates the f,(W) such that

ﬂU{‘(Vl“) W), < e/poly L), and U}, V§* € RE*F2 approximates the g, (W) € REXE
such that || U4'( V2 — qu(W)||, < €/poly(L). Then there exist matrices U}', V{* € RZ* such
that

|UE (VT —ph(W)|| < e/poly(L), forp=K,Q.

In addition, it takes L'+°(1) time to construct U2, V.2, UK, V.

Proof. This follows the proof of Lemma 3.7 O

Step 3. Combining above, we arrive our main result: almost linear algorithm for Problem 3.

Theorem D.1 (Main Result: Existence of almost Linear Time ALoRAGC). Let I' = o(y/log L)
. Suppose all numerical values are in O(log L)-bits encoding. Then there exists a L'*°(1) time
algorithm to solve ALoRAGC (L, d=O0(logL),r = L°MV e = 1/poly(L) (i.e Problem 3) up to

1/poly (L) accuracy. In particular, this algorithm outputs gradient matrices {CNJLA) € RIxr, éLB) €
R4} _ ¢ o such that

oL
max | || =

Proof of Theorem A.1. By the definitions of matrices p (W), p? (W), pX (W), p¥ (W) in Defini-
tion D.8 and px (W), po (W) in Definition D.7. It is straightforward that

~(B)
~p

oL ~(A)
04, =

) < 1/poly(L), forpu=K,Q.

pr(W) = pf (W) —p§ (W), and po(W) = p? (W) — p§ (W).
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According to Lemma D.4, we have
oL

)" @
8AQ vec (Bg (C’Q ) PQ (L/VQ) C’Q )
oL (1) @)

9B, vec ((C’Ql ) po (W )AQC o

;iﬁ{ —7T (d2,d2)—rvec <BI—E (C;(l))TpK (W;) Cé?))
8aB£K =T (d2,d%) " vec <(CI(<1))TPK (wk) AKO%)) '

Next, we compute the time complexity of approximating these gradients to 1/poly(L) precision.

For W and we follow the proof of Theorem 3.1. Specifically, it takes L*t°(1) time to

aB ’
appr0x1mate these gradients to 1/poly(L) precision.

For adAL and dL , we first note that (T (d2, dz))T is a constant matrix. In addition, due to Theo-
T T
rem 3.1, vec (BT (C(l)) e (E;) C}?)) and vec ((Cﬁ{l)) PK (E;) AKCE?)), which are

d6£

similar to 3 A an take L'T°(1) time to approximate to 1/poly(L) precision.

Therefore, to show the existence of L't°(1) algorithms for Problem 3, we

prove exact computation for T (d? d2)T vec (BIT( (C};)) (WT) c! )> and

.
T (d?, d2)T vec ((Cg)) DK (E};) AKCE)> takes o( L'+°(1)) time as follows.

; 2 2\ 7 T (W) Y o2
Exact Computation for T (d?,d?) vec| By (C’K) DK (EK) Cy’ ).  Recall from

Lemma D.2 that T’ (d2, d2) Tisa sparse matrix with only one non-zero entry in each row. Thus, for
each row, the exact computation takes O(1) time. Therefore, the total time is O(d?). Given that
d = o(log L), the overall time is still L'+,

.
Exact Computation for T (d?, dz)T vec ((CQ) PK (E,T() A KC’;?) . Similarly, computing

.
T (dQ,dQ)T vec ((CS)) DK (E;) AKC’g)> takes O(d?) time. Therefore, the total time is
O(d?). Given that d = o(log L), the overall time is still L'+°(1),

Approximation Error. For d A and ()‘335 , we follow the proof of Theorem 3.1. For %,

L G

0Ag -
= ||T (d27d2)T vec (BIE (Cg))TpK (M{) C}?) _T (dQ,dQ)Tvec (BIT{ (O}?)T@( (Ezﬂ) C?) H
<T@y’ H(BK () b (WK)02)> - (B} () b (wk) cﬁ?)H
< (s (ew) ()t i) )|+ (o () o (k) 3t () )
< 1l 0] (1ot (k) =8 (i) )|+ (o (k) =2 ()] )

< ¢/poly(L),
where the first step follows from Lemma D.3, the second step follows from the definition ||A|| =
max; ; |A;;| for any matrix A, the third step follows from Definition D.8 and the triangle inequality,

35



Published as a conference paper at ICLR 2025

the fourth step follows from the sub-multiplicative property of the co-norm, and the last step follows
from Lemma D.8 and Lemma D.9.

Similarly, for 5%=, it holds
oL
G(B)
OB By ~

IN

IN

IN

o0

T(dZ,dz)Tvec<<C'§(1)>TpK (M() AKC?) T (d*,d*) Vec((c 1)) P (w;) AKC}?))H
(et ((e) e () ) - (00 () auc?) |

((c)” (o1 (i) = (wi)) i) |+ ()" (ot () =75 (wie)) anci? )|
e i) i) (I () =t ()| + ] (o (k) =58 (wik)) | )

< ¢/poly(L).

Setting ¢ = 1/poly(L), we complete the proof. O
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E PROOF OF THEOREM 4.1

We recall our definition of ALORAGC(L, d, r, €) for special case from Problem 2 subject to LoRA loss
(3.3). We aim to make the reduction from AAttLGC(L, r, ¢) (Alman and Song, 2024a, Definition 1.4)
to our problem ALoRAGC(L, d, r,€).

Definition E.1 (Approximate Attention Loss Gradient Computation (AAttLGC(L,r, €)), Defini-
tion 1.4 of (Alman and Song, 2024a)). Given four L x r size matrices A; € RL*" A, €
REXT Az € REX7 E € REX™ and a square matrix X € R"" to be fixed matrices. Assume
that |41 X ||oc < B, ||A2]|c < B. Assume all numerical values are in log(L)-bits encoding. Let

L(X) = 3||D'exp(A1XAJ /r) A3 — E||%. which D := dlag(exp(A XAJ /r)1L). Let dE(X)
denote the gradient of loss function £. The goal is to output a matrix g € RE*Z such that
- dL(X)

We recall the main hardness result of (Alman and Song, 2024a) which shows a lower bound of
AAttLGC(L, 1, €) (Definition E.1) in the following particular case by assuming SETH.

Lemma E.1 (Theorem 5.5 of (Alman and Song, 2024a)). Let x : N — N by any function with
#(L) = w(1) and k(L) = o(log L). Assuming SETH, there is no algorithm running in time O(L?~?%)
for any constant 6 > 0 for Approximate Attention Loss Gradient Computation AAttLGC(L, 7, e)
even in the case where r = O(log L) and the input matrices satisfy || A1 ||oo, ||A2||cos ||A3||oo <
O(logL - k(L)) = B, E = 0, X = \I,. for some scalar \ € [0,1], and ¢ = O(1/(log L)*

Finally, we are ready for our main proof of Theorem 4.1.

Proof. Considering Problem 2, we start with the following O(1) reduction. Given the instance of
AAttLGC(L,7,¢€) and A; € REX" Ay € R A3 € REX" E = 0, B = O(y/log L - k(L)).
We then transfer this instance to the instance of ALoORAGC(L,d,,€) by making the following
substitution:

CWBy=4,,0® ={4;, 0 }/rc®={4;, 0 }A4o={X, 0 }T=B8B
N N~ \ SN~ ~
Lxr Lx(d—r) Lxr Lx(d-r) TXr rx(d—r)

Then we have ||C?) ||, | BgAg|oos |V ]|oe < T such that

T
and hence
T
exp(A1 XA;)/T’ = exp (C’(l)BQAQ (0(2)) )
This implies that the upper L x r subblock is exactly the same. (Here we can assume £ =Y = 0.)
(D*1 exp{C’(l)BQAQ(C@))T}C(S) —Y)|xr = (D—l eXp(AlXAzT/r)A3 — Bl

This follows that the derivative with respect to X of the RHS is the same as the partial derivative

with respect to Ag by embedding X into a subblock of Ag. Now, by letting Ga = g in the
AAttLGCC(L, r, €), which finishes the reduction. This completes the proof. O
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F QUADRATIC TIME COMPLEXITY OF EXACT LORA GRADIENT
COMPUTATION

Here, we make more comments on tensor-trick decomposed LoRA loss from Lemma 3.1:

L d (11) (I1T)
a =ZZC €] (iag ()] — FW),f(W)] ) €O (e, 639)

0]

Remark F.1 (Benefit from Tensor Trick: Speedup Seemingly Cubic Time Exact Computation).
Lemma 3.1 highlights the benefits of the tensor trick and the potential for speeding up exact LoRA
adaptation on transformer-based models. To be more specific, for any j € [L], Part-(I) is an

L x L matrix, thus requiring @(L2) time to compute. Moreover, with a total of L terms, the overall
computation time amounts to ©(L?).

However, (3.5) decomposes Part-(I) into a diagonal Part-(II) and a low-rank Part-(III) (specifically,
rank-1). This decomposition allows us to reduce the computation time of Part-(I) to O(L) for each
j € [L], and of the entire 4£(W)/aw to O(L?). Our next theorem verifies this claim and shows such
seemingly cubic time exact computation is in fact quadratic.

Definition F.1. Let n1, no, n3 denote any three positive integers. We use Tpat (11, 12, n3) to denote
the time of multiplying an n; X mo matrix with another ng X ns.

Theorem F.1 (Exact LoRA Gradient Computation Takes Quadratic Time). Suppose the following
objects are given and if following conditions hold,

s Let CD, 0@ CG) ¢ REX4 be in (3.2). Let Bg € R, Ag € R™4 W € R¥™? be in (3.3).
e Let f(-),c(-),p1(:),p2() follow from their definitions in Section 3.

¢ Let G5 = a@f , G = (Whereﬁls defined in (3.3) ).
Then we can make exact computatlon of Q(QA),Q(QB) in O(Tmat(d, L, L) + Tmat(d,d, L) +

Tmat(d, d,r)) time.

Proof. Due to Lemma 3.2, it holds

oL ( - T oL T
—— —vec (B} (CM p(W)C(2)> , —— = vec ( cm p(W)AQC'(Z)) :
9Aq @ ( ) 9B, ( )

Recall that the decomposition of p(W) = p; (W) — p2(W). And according to Definition 3.6, for
every index j € [L],

. T
(W) = diag (f (W), ) a(W)y,  pa(W); 3= f (W), | (W)] q(W),
In addition, due to Lemma 3.2, ¢(WW) is defined as

g(W) = CP (c(W))" e RM.

Therefore, we compute f(W), c(W), p1 (W), p2(W) in order as follows. Then we combine them
together to get total running time.

* Step 1. We compute f(W).

Note that
Lxd g4 dx L

=~
J(W) = D exp (COW ()T,
where

D= diag(exp((;(UW(c@))T)]1L).

38



Published as a conference paper at ICLR 2025

We firstly compute exp(CHW(C®)T)C®) which takes time of Toat(d, d, L) + Trnat(d, L, L).
Then, we can compute D which takes O(L?) time.
Then, we can compute f (W) which takes O(L?) time.
Thus, the overall time is
Tinat(d, d, L) + Trmat (d, L, L) + O(L?) = O(Tmat (d, d, L) + Tanat (d, L, L)).
Therefore, the proof is completed.
* Step 2. We compute ¢(W). Based on the Definition 3.5, which is
LxI Lxd
W) = JIN ¢ .

Computing f(W)C'®) takes time of Trat(d, L, ) and computing f(W)C®) — Y takes time of
O(Ld). Thus, the overall time is Tmat(d, L, L) + O(Ld) = O(Tmat(d, L, L)).

* Step 3. We compute ¢(IV). Recall that
Lxd dxL
(W) = ) (CF)]T
Therefore, it takes time O(Tmat(d, L, L)).
* Step 4. We compute p(I¥). Note that due to Definition 3.6, which is

P W); = ding (£ (W), ) a(W)y,  pa(W); = f (W), | (W)] q(W),,

such that p(W) = p1 (W) — p2(W).
Since diag(f(W);) is a diagonal matrix and f(W);(f(W),

nE
that p(W); € R% can be computed in O(L), for each j € [L]. Thus we can construct matrix
p(W) € REXLin L x O(L) = O(L?) time in total.

is a rank-one matrix, we know

 Step 5. Using Lemma 3.2, we know that

rxd dxL LxL Lxd dx L LxL LLxd Lxd
T TR O TN
= vee( B (CM)Tp(w) C?), = vec((C) T p(W) Aq C?).

aAQ aBQ

Suppose Bg € R¥*", Ag € R™*4, cM,c® B ¢ RE*4 are given, then each of the gradients
can be computed in time of O(Tmat(d, L, L) + Tmat(d, d, L) + Tmat(d, d, 7).

Thus, the overall running time for gradients computation is
O(Tmat (da L7 L) + Tmat (d7 d7 L) + Tmat (d, d7 ’I"))
This completes the proof. O
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G PROOF-OF-CONCEPT EXPERIMENTS

Here we provide minimally sufficient numerical re-
sults to back up our theory. For generality, we con-
sider the full LoRA fine-tuning on Wy, Wq, Wy
as analyzed in Appendix A.

Objective: Control Norms of Attention Heads’
Pretrained Weights to Achieve Speedup. We
use the outlier-removing transformer architecture
proposed by Hu et al. (2024a) to showcase the

Table 1: Training Time (Per Epoch) Compari-
son between LoRA on “Standard vs. Outlier-Free”
Transformers for 3 OPT Model Sizes. We perform
full LoRA fine-tuning on Wx, Wq, Wy of the atten-
tion heads in Open Pretrained Transformers (OPTs)
(Zhang et al., 2022). Our results show that, with norm-
bound control, Outlier-Free Transformers (Hu et al.,
2024a) are 5.5% faster for OPT-125M, 13.1% faster
for OPT-350M, and 33.3% faster for OPT-1.3B.

efficiency gains from controlling the norms of
LWl [ Al 1Bull} i=k,q.v- This type of ar-

Model Standard Transformer Outlier-Free Transformer

. . OPT-125M 58 mins 55 mins (-5.2%)
chitectures bounds these norms by preventing ex-  opr-350M 69 min 61 min (-11.6%)
OPT-13B 84 min 63 min (-25.0%)

treme weight values inherited from the pretraining
process.

I LoRA on Standard Transformer

Fine-Tuning Task. We perform cross-modality fine- B LoRA on Outlier-Free Transformer

tuning on 3 sizes of the Open Pretrained Transformer
(OPT) models (Zhang et al., 2022): OPT125M, OPT350M
and OPT1.3B. Specifically, we adapt OPT language mod-
els to speech data, creating a SpeechLM (Speech Language
Model) with both text and speech modalities, following
(Maiti et al., 2024; Wu et al., 2024c¢).

Pretrianed Model Setup. We test our theory on three
OPT model sizes: OPT125M, OPT350M, and OPT1.3B.
Each model size has two versions: one with standard transformers (Vaswani et al., 2017) and another
with outlier-removing (outlier-free) transformers (Hu et al., 2024a). The training process for all OPT
models follows (Hu et al., 2024a).

OPT-125m

OPT-350m OPT-1.3b

Figure 1

LoRA Setup. Following the original LoRA settings (Hu et al., 2021), we fine-tune the models using
arank of r = 128 and an alpha value of o = 256.

Data. We use the LibriLight dataset (Kahn et al., 2020) for fine-tuning. LibriLight contains 60,000
hours of audiobook recordings from 7,000 speakers, totaling 12 million utterances.

Computational Resource. We conduct all experiments using 4 NVIDIA A100 GPU with 80GB of
memory. Our code are based on standard PyTorch and the Hugging Face Transformer Library.

Efficiency Results: Training Time Comparison. To demonstrate the efficiency benefits of norm
control suggested by Theorems 3.1, 4.1 and A.1, we compare the training speed of the two architec-
tures. In Table 1 and Figure 1, we report the training time per epoch for both architectures across three
model sizes. Our results indicate that the Outlier-Free Transformer is 5.5% faster for OPT-125M,
13.1% faster for OPT-350M, and 33.3% faster for OPT-1.3B.

These numerical results align with our theory: proper normalization of weights and inputs enhances
LoRA training efficiency. Notably, we observe greater computational gains in larger models.
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