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1 Introduction

We present a unified theoretical framework and establish sharp statistical rates for standard and
variant flow-matching generative models with high-order velocity fields. A rigorous theoreti-
cal understanding of such models is crucial in the current era of rapidly advancing generative
Al Flow-based generative models, particularly those employing Flow Matching (FM) principles
[Lipman et al., 2022, Liu et al., 2022], have emerged as a powerful class of methods, achieving
state-of-the-art performance across diverse domains such as image, speech, and video generation
[Esser et al., 2024, Le et al., 2023, Polyak et al., 2025]. Standard flow matching has focused
on learning first-order trajectory dynamics by matching the instantaneous velocity field [Lipman
et al., 2022, Liu et al., 2022, Lipman et al., 2024, Gat et al., 2024, Chen and Lipman, 2023].

However, there is a growing interest in leveraging richer dynamical information, such as high-
order time derivatives of the trajectory, with the intuition that this could lead to more expressive
models, smoother generation paths, improved physical plausibility, or more efficient sampling
strategies. This trend is evident in recent empirical works. For instance, High-Order Matching
for One-Step Shortcut Diffusion (HOMO) [Chen et al., 2025] and Force Matching (ForM) [Cao
et al., 2025] have shown that supervising on acceleration and jerk leads to improved smoothness,
stability, and precision in generative tasks, particularly in high-curvature regions where first-order
methods falter.

Despite these promising empirical explorations into high-order dynamics, there lacks a compre-
hensive theoretical framework that incorporates derivatives up to an arbitrary order K. Rigorous
understanding of its statistical properties is also missing. This paper addresses these gaps by in-
troducing High-Order Flow Matching, a generalized theoretical framework for flow-based gener-



ative modeling. Specifically, High-Order Flow Matching defines a K -order velocity field f;. This
field is constructed by concatenating K individual d-dimensional column vector fields u!, . . ., uf.
Each u* component is designed to capture aspects of the flow dynamics, with u! representing the
primary velocity and u* (with k > 1) capturing higher-order temporal information of an under-
lying flow. To complete the theoretical foundation of High-Order Flow Matching, we analyze its
statistical rates when implemented with transformers [Vaswani et al., 2017] to align with modern

developments in practice.

Contributions. Our contributions are two-fold:

* High-Order Flow Matching: A Unified Theoretical Framework. We present a unified
framework for Flow Matching models. We first introduce the flow ODEs of any order (Def-
inition 3.1) and the mass conservation formula (Theorem 3.2). A key technical innovation
is the high-order marginalization technique (Theorem 3.3). This approach, incorporating a
consistency constraint, leads to a tractable loss for /K -order flow matching (Theorem 3.4).
We then prove that High-Order Flow Matching subsumes standard first-order Flow Match-
ing (when K = 1, Proposition 3.1) and provides a unified theoretical foundation for under-
standing emerging high-order flow model approaches. For example, the objective in HOMO
[Chen et al., 2025], which target velocity and acceleration, are instantiated by High-Order
Flow Matching for K = 2.

* Statistical Rates for High-Order Flow Matching with Transformers. We provide the
first rigorous statistical analysis of the High-Order Flow Matching framework when im-
plemented with transformer architectures. We establish sharp approximation rates for trans-
formers learning the K velocity components u!, . .. u’* (Theorem 4.1), derive corresponding
estimation error rates (Theorem 4.2), and further provide end-to-end distribution estimation
rates under the 2-Wasserstein metric (Theorem 4.3). In addition, we show that these rates
are nearly minimax optimal up to logarithmic factors (Theorem 4.4). Importantly, our rates
match the established near-minimax optimal rates of standard flow matching [Jiao et al.,
2024, Fukumizu et al., 2024].

Organization. Section 2 reviews preliminary concepts about standard flow matching. Section 3
details the High-Order Flow Matching framework, its properties, and its connections to existing
methods. Section 4 presents statistical results. Section 5 summarizes our work and discusses the
implications of our findings. The appendix includes the supplementary theoretical backgrounds
(Section B), the detailed proofs of the main text (Sections C to G), the statistical rates for standard
first-order flow matching transformers (Section I) and its proof (Sections J to N).

Notation. We denote the index set {1,...,/} by [I]. Let z[i|] denote the i-th component of a
vector z. Let Z denote integers and Z, denote positive integers. Given random variables X and
Y with marginal densities yi,, and u,, respectively, we denote the 2-Wasserstein distance between
t and g, by Wa (g, ). Given a matrix Z € R || Z||, and || Z||r denote the 2-norm and the
Frobenius norm. Let uf € R? be column vectors for k € [K], we denote col(u?, ... uf) € Rk
as the vertical concatenation of u', ..., u”. Let Div - be the divergence operator.



2 Preliminaries
In this section, we provide a high-level overview of the Flow Model and Flow Matching (FM).

Flow Model. The flow model transforms X, = z( from a source distribution P (e.g., the
Gaussian distribution) into samples X; = x; from a target distribution Q). A flow ¢ : [0,1] X
R? — R? is a time-dependent mapping implementing ¢ : (¢, z) — v;(x). The flow model is a
continuous-time Markov process (X;)o<:<1 defined by applying a flow ¢, to the random variable
Xy~ P:

Xt = @Z)t(XO)v le [07 1]‘

On the other hand, a time-dependent velocity field u : [0, 1] x R? — R? implementing v : (¢, 7)
u,; defines a unique flow 1 via the following ordinary differential equation (ODE):

depy L .

T u(Yy(x))  with initial condition vy (z) = =. (2.1)
Given a flow ¢, the marginal probability density function (PDF) of flow model X; = 1);(X,) ~ p;
is a continuous-time probability path (p;)o<t<1. The probability path p; follows push-forward
equation:

-1
0, ] ‘ (2.2)

) = L) = ol () - faet|

Further, by the equivalence of flows and velocity fields [Lipman et al., 2024], given invertible C'!
diffeomorphism ;, there exists a unique smooth conditional velocity field u; taking form:

iwt- (2.3)

uilw) = o0y (2)), with = —

For an arbitrary probability path p;, we define a velocity field wu; that generates p; if its flow 1,
satisfies (2.2). Continuous Normalizing Flow [Chen et al., 2018] models the velocity field u; with
a neural network u?. Once we obtain a well-trained u’, we generate samples from solving ODE
(2.1).

Flow Matching. Instead of training flow model by maximizing the log-likelihood of training data
[Chen et al., 2018], flow matching [Lipman et al., 2022] is a simulation-free framework to train
flow generative models without the need of solving ODEs during training. The Flow Matching
objective is designed to match the probability path (p;)o<i<1, Which allows us to flow from source
po = P to target p; = (). Suppose u,; generates such probability path p,, the flow matching loss is

Lem(0) = E [llu’(X;,t) — u( X3, 24)

t, Xi~pt

where t ~ U/[0, 1], u’ is a neural network with parameter 6. Flow Matching simplifies the problem
of designing a probability path p, and its corresponding velocity field u; by adopting a conditional
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strategy. Formally, conditioning on any arbitrary random vector Z € R™ with PDF py, the
marginal probability path p; satisfies

pi(z) = / pi(al2)pz(2)dz. 2.5)

Suppose conditional velocity field u,(z|z) generates p;(x|z), Lipman et al. [2022] show that fol-
lowing marginal velocity field u; generates marginal probability path p; under mild assumptions:

pe(z]2)pz(2)

, 2.6
(@) (2.6)

wie) = [ w(elopzn(elo)ds with pay(ele) =
where the second equation follows from the Bayes’ rule. Combining above, the tractable condi-
tional flow matching loss Lcgy, which satisfies Vg Lcpv(0) = VoL (0), is defined as:

Lcrn(0) = E u(X,,t) — w (X, 2)|12). 2.7
@)=, B ((Xt) - w(Xi|2)]} )
Affine Conditional Flows. The conditional flow matching loss works with any choice of con-
ditional probability path and conditional velocity fields. In this paper, we consider the affine
conditional flow with independent data coupling following [Lipman et al., 2022, 2024]:

VYi(x|r)) = pewy + oy, (2.8)
where yi;, o : [0, 1] — [0, 1] are monotone smooth functions satisfying

dps  doy
— — = = 1 —_—, — /] f 1 . 2'
po =01 =0, uy = og , and ETRAT: >0 for te(0,1) (2.9)
Setting Z = X; ~ @, Xo ~ N(0,1), the flow 1, induces the probability flow p,(X;|X;) =
N (u: X1, 02I) and velocity field

04T — pp1)

Ot

w(z|xy) = ¢t(¢t_1(x|x1)|x1) = + 11 (2.10)
Further, using the law of unconscious statistician with X; = ,(Xo|X;), the conditional flow
matching loss takes the form

Leem(0) = 1) (1w (X1 + 0 X0, t) — (e X1 + 6:X0) 3] (2.11)

t,X1~q,Xo~N(0,I)

In practice, for collected i.i.d. data points {z;} ;, (2.11) is implemented with Monte-Carlo simu-
lation. To avoid instability, we often clip the interval [0/,\1] with ¢y and 7". Namely, for any velocity
estimator u?, we consider the empirical loss function ﬁcpM(ue):

5 1 (11
0y ._ [ . . 2
ECFM(U ) = E ZZI [0 T _ to XONI]%(()’I) [||U (,utxz + O'tXO, t) — (,U/th’Z + OtX0>||2]- (212)



Transformers. Throughout the paper, we parameterize u’ by transformers. Due to space limit,
we defer formal definition of transformer networks to Section B.

3 High-Order Flow Matching

This section extends the flow matching framework in Section 2 to incorporate high-order trajectory
information. Recall that these high-order dynamics are proven to be relevant to further improv-
ing the performance and stability of flow matching. Specifically, in Section 3.1, we first define a
high-order velocity field f; using an ODE system and subsequently prove its equivalence to the
mapping flow ¢; (Theorem 3.1). Furthermore, we derive the corresponding Liouville’s equation
(Theorem 3.2), which demonstrates mass conservation for this high-order system. Building on
this foundation, Section 3.2 addresses the learning objective. We first propose the high-order Flow
Matching loss (Definition 3.2). However, similar to flow matching [Lipman et al., 2022], direct
optimization is intractable. To address this, we establish the high-order marginalization trick under
consistency constraint (Theorem 3.3). The method allows us to derive a tractable high-order con-
ditional flow matching loss that preserves the original loss’s gradients (Theorem 3.4). Section 3.3
clarify how that High-Order Flow provides a unifying theory. Specifically, we demonstrate that
high-order flow matching subsumes existing flow-based generative modeling techniques, with
standard Flow Matching serving as a foundational instance within our framework.

3.1 High-Order Flow Model

For t € [0,1], let ¢, and p, be the time-dependent flow mapping and probability paths follows
Section 2. Instead of using velocity field u; to construct flow v; via the ODE (2.1), we propose
using K -order velocity field f; : RE? — R%9 to construct 1);:

Definition 3.1 (High-Order Velocity). Lett € [0,1], a flow ¢, can define a K-order velocity
field f, : RE? — RX9 via the following ODE:

gron@)] el
%yt = Wﬂjt(zg) = uz(:vt ) = fi(y:) with y(z) =z, 3.1)
) R PR
where y; = col(¢y(2), (), ..., Sy(x)) = col(z\”, 2V, ..., 2FV) € RE? and u*

Rk x [0, 1] — R iis k-th order velocity field for all k € [K]. Moreover, notice that X* = 1;,(X,)
is random variable since X; ~ p. Then, the extended state variable of order K is the random
vector

_ : d*
Y, =col(X?, ., XxEY e RE? with XM = @wt(xﬂx_x(o). (3.2)
-0



Fork = 0,...,K — 1, define p¥ : RY — R as the probability density function of X{*. Denote
pi : REY 5 R as the probability density function of ¥; = [X”,..., X "I| at time ¢. For
simplification, we define Y; satisfy %Yt = f;(Y;) if (3.1) and (3.2) hold.

Remark 3.1 (Total Derivative Constraints). The ODE (3.1) imposes a sequence of total deriva-

tive constraints on the velocity fields ul(xgo), t),...,uf (xg ) ¢ t), for any k € [K]:
@@, = L) = L1, ) = L1608+ v @0, ) - (20, 1), (3.3)
’ dtk dt ’ ot ’ ’ ’

where uo(xio), t) = xio) This recursive relation reveals that the velocity fields induced by the

flow v, are not independent, but instead coupled through the structure of the ODE via (3.3).
Remark 3.1 guarantees the equivalence between flows v; and K-order velocity field f;.

Theorem 3.1 (Flow—Velocity Equivalence via ODE). Define the class of structured k-order ve-
locity fields as those of the form:

fi(y,) = col(u'(x; (©0) 1), uK(xgo), t)) € RED g, = col(xgo), .. ,ng_l)) e RE4,

where u* : RE4 x [0, 1] — is locally lipschitz in y; and continues in ¢ for any k& € [K]. Suppose
the velocity fields ul(x§0), t), ..., uf (xgo), t) satisfy total derivative constraints (3.3). Then, for
any initial condition yo € R*?, the ODE Sy, = f,(y;) exists a unique local solution y;, which
defines a K -times differentiable flow ¢ (z) := 2\% and satisfy S—;%(ﬂf) = 2™ forall k € [K].
Conversely, any K -times differentiable flow 1, : R? — R defines a velocity field f; via (3.1).

Proof. Please see Section C.1 for a detailed proof. ]

Recalling from Section 2 and the flow-velocity equivalence established in Theorem 3.1, the K-
order velocity field f; governs the evolution of the probability density p, for the K -order state Y;.
The precise relationship describing this evolution is captured by the mass conservation formula:

Theorem 3.2 (Mass Conservation of High-Order Flow). Lety, = (z\”,..., 2" )T e RK?

Let velocity field f,(y;) = (u'(z\,1),..., v @?, )T € RE where u¥(z\”, 1) is locally
Lipschitz and integrable for all k& € [K]. Let p; : RE? — R be a time-varying probability density
over the extended state Y; € RX? follows Definition 3.1. Then the following statements are
equivalent:

1. The pair (f;, p;) satisfies the Liouville’s equation on the extended space:

9 0+ V- (o) fol) = 0, forallt € [0,1).



2. Following Definition 3.1, the probability law of Y; evolves under the flow:

d )
Y= fiY), with Yo~po, Yi~op (3.4)

For some arbitrary probability path p;, we define f; generates p, if (3.4) holds.

Proof. Please see Section C.2 for a detailed proof. O]

3.2 High-Order Flow Matching

To model the K -order velocity field f;, we introduce following high-order flow matching loss:

Definition 3.2 (High-Order Flow Matching Loss). Let f; denote the ground truth K -order ve-
locity field and f? be its estimator parameterized by a neural network. Let p; be the probability
density function of Y;. Then, the K-order Flow Matching objective minimizes the following re-
gression loss:

Lm(®) = E [D(f:(Y2), £ (¥2)],

tvytht
where D is a dissimilarity measure between vectors, such as the squared /5-norm.

Similar to standard flow matching, the ground truth velocity f; is intractable. To address this, we
adopt the conditional flow matching loss to train our model, leveraging the equivalence between
the flow matching loss and its conditional counterpart. As a preliminary step, we introduce the
marginalization trick for high-order flow matching.

Theorem 3.3 (Marginalization). Recall that for some arbitrary probability path p;, f; gener-
ates p, if Y, ~ p, for all t € [0,1). Let Z be a random variable, if f;(z|z) is condition-
ally integrable and generates the conditional probability path p;(:|2), then the marginal velocity
ft .= [ fi(y|z)pe(z]y)d= generates the marginal probability path p;.'

Proof. Please see Section C.3 for a detailed proof. ]

Now we are ready to prove the higher version of the equivalence between the flow matching
loss and conditional flow matching loss. We first define the tractable K -order conditional flow
matching loss:

LE(0) = E  [D(fi(Yi|2), £ (VD). (3.5)

t.Z,Yi~py z(-|2)

Following Lipman et al. [2024], we specify the dissimilarity metric D(-, ) as a Bregman diver-
gence, which measures the distance between vectors u, v € RX? as D(u,v) := ®(u) — [®(v) +
(u —v)"V®(v)] where ® : RE? — R is a strictly convex function defined on a convex domain
Q) C RE9, Bregman divergences possess a key property allowing interchanging gradients and

!The marginal velocity f; implies a consistency constraint: uf (y) = [uf(y|2) - ps(z|y)dz forall k € [K].
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expectations [Holderrieth et al., 2025, Lipman et al., 2024]:

V,D(E[Y],v) = E[V,D(Y,v)] forany random vector Y € R*<. (3.6)

This property implies that the gradients of the flow matching loss and the conditional flow match-
ing loss are identical, making the two objectives equivalent for training.

Theorem 3.4 (Gradient Equivalence of Losses). Let the Flow Matching loss £, be defined as
in Definition 3.2, and the Conditional Flow Matching loss £&,, be defined as in (3.5). Then,
when D(-, ) is a Bregman divergence, the gradients of the two losses coincide:

V‘CIIJ(M<0) = V‘C(II(FM(Q)'

Proof. Please see Section C.4 for a detailed proof. [

We now consider training the model using the pre-constructed conditional flow ¢y (z | z1) as
described in Section 2. By the equivalence between flows and high-order velocity fields (Theo-
rem 3.1), there exists a unique smooth conditional K -order velocity field f; such that the condi-
tional trajectory y; satisfies the ODE: %yt = fi(y;), in accordance with (3.1). Following Defini-
tion 3.1, we specify ¢, (z | 1) = pyx1 + oz, which induces a family of k-th order velocity fields
uk. By Definition 3.1, for all k£ € [K], we have

d dk
uk(asgo), t) = @xi‘” = @wt(a:). (By Definition 3.1)

Because 1/ is an invertible diffeomorphism, we define 2’ = 1; () and obtain

k

S ().

u (r(2), 1) = ut (2, 1) =
Extending this to the conditional setting, the conditional k-th order velocity field becomes

dk

= 7 X)), (3.7)

uF (1) X\)

Combining the results above, we now revisit the tractable training loss by setting Z = X §o) ~ q:

LE(0) = E ID(fi(Y| X7, £2(Y)). (By 3.5)

0 0
t,x! )~q,Yz~pt‘X§o)(-lX§ )

For further simplifications, we adopt the squared ¢, norm as the Bregman divergence. Let u”
denote the k-th order velocity field, and u*? be its estimator parameterized by a neural network.
Denoting the distribution of the k-th order state as Xt(k) ~ pF, the training objective becomes

LE(0) = E 1A (VIX17) = £ (V)13 (By 3.5))

0 0
6 X0 naYivn, o (1X])



K
>k (v, 1 X)) — uh (v, t)ug} (By Definition 3.1)

- E [

LX{"~aYivp, 0 (X7) HiT]

K

= E [ H w ( ’X(O)) kﬂ(X(O)?t)Hﬂ (By 3.7))

t,X§0)~q 1 Xéo)/\/p('|X(0> dtk K t 2 '

K

dk 0 0 0

=2 E o gnxIx) - x0 0)) (3.8)

k=1 t7X£0>Nq7X(()O>~p(‘X1 )

The intermediate states Xt(l), e ,Xt(k_l) are determined by X((]O) via the relation Xt(k) =

& (@ )|, xo- Therefore, the inside expectation only needs to be taken over Xéo).
-0

Now, we consider the affine conditional flow v (x|z1) = 1 + oz follows Section 2. Applying
(3.8), the high-order conditional flow matching loss takes the form

K
LEMO) =D E 1 X1 + o XY — b0 (X0 1|12

In practice, we train the general high-order velocity estimator u'?, ... u®? with i.i.d samples

{z;}_, by optimizing the empirical high-order conditional flow matching loss:

CFM :—ZZ —to

i=1 k=1

meﬁwﬁﬁ% WX | dE. (3.9)

to Xo~p(- |X(0>

A significant theoretical consequence of learning the complete K -order velocity field f; is the
ability to employ high-order numerical integration schemes for sampling. For instance, to solve
the ODE (3.1), we use K -th order Taylor expansion with step size h for the numerical integration:

hK
u2’6(mio), t)+ -+ —uK’e(xgo), t). (3.10)

h2
0 0
20 =z + b (20 ) + = e

t+h — 21

3.3 Unified Perspective on High-Order Flow Dynamics

We show that our K-order flow matching framework offers a significant unification perspective
and a theoretical foundation on existing flow-based generative modeling. Firstly, our framework
subsumes standard first-order Flow Matching [Lipman et al., 2022] as a direct special case.

Proposition 3.1 (Reduction to Standard First-Order Flow Matching). When K = 1, the entire
K-order flow matching framework, including the governing ODE, the probability path definition
via the continuity equation, and the /K -order flow matching objective, becomes precisely equiv-

alent to the standard first-order Flow Matching framework as detailed in [Lipman et al., 2022,
2024].
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Proof. Please see Section C.5 for a detailed proof. [

Proposition 3.1 establishes our K -order framework as a strict generalization of standard first-order
Flow Matching. Beyond encompassing established methods, our K -order framework provides a
robust theoretical structure for understanding models that leverage high-order trajectory dynamics.

For instance, HOMO framework [Chen et al., 2025] defines its training objective ([Chen et al.,
2025, Definition 4.3]) by matching network predictions against the true velocity & and acceler-
ation I of trajectories. Removing the regularization term (aligns with our total derivative con-
straints Remark 3.1), their loss is also a direct instantiation of our K -order framework’s objective
(Definition 3.2) for K = 2. Furthermore, while the Force Matching (ForM) model [Cao et al.,
2025] introduces specific relativistic constraints, its fundamental generative mechanism involves
matching a target “force” field ([Cao et al., 2025, Definition 4.1]). Given that force is propor-
tional to acceleration, if separated from its relativistic regularization, aligns with matching the
second-order information captured within our X' = 2 framework.

In summary, the K-order flow matching framework serves as a unifying theoretical structure. It
not only subsumes standard flow matching but also provides formal grounding for models that
have intuitive or empirical benefits of incorporating richer, high-order dynamical information.
The subsequent statistical analysis in Section 4 builds upon this unified perspective.

4 Statistical Rates of High-Order Flow Matching Transform-
ers

This section characterizes sharp statistical rates for K -order flow matching transformers. Building
on Section 2 and Section 3, we consider the case of affine conditional flow with independent data
coupling. We focus on transformer architectures as Flow matching (FM) with transformers powers
today’s best generative models, including MovieGen [Polyak et al., 2025] and Voicebox [Le et al.,
2023] by Meta, and Rectified Flow [Esser et al., 2024] by Stability Al. Section 4.1 and Section 4.2
establish bounds for the approximation and estimation of the /-order velocity. Based on the K-
order velocity estimation rates, Section 4.3 analyzes the distribution estimation rate under the
2-Wasserstein metric. Finally, Section 4.4 presents the nearly minimax optimality of the /K -order
velocity estimators.

Transformers. We defer standard definition of transformer to Section B due to the page limit.

4.1 High-Order Velocity Approximation

To establish a statistical theory for K -order flow matching transformers, we first investigate an
approximation theory for the K -order velocity under sub-Gaussian assumption. In particular, we
characterize the regularity of the target density function ¢(z;) with Holder smoothness, defined

by:
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Definition 4.1 (Holder Space). Leta € Z%, and let 8 = ki +~ denote the smoothness parameter,
where k; = |3 andy € [0, 1). Given a function f : RY — R, the Holder space H”(R¢) is defined
as the set of a-differentiable functions satisfying: H?(R?) = {f : R? = R | || f||»s®a) < 00},
where the Holder norm || f{| 35 (ra) satisfies:

o~ — 0~ f (!
1/ W25 ey = Z sup |0%f(x)| + max Sup’ f(z) f(:c)\

IIO‘”1<I€1 z C“||04||1=k1 xAz! ||:L' _ la/”'go

Also, we define the Holder ball of radius B by H*(R%, B) :== {f : R = R | || f|l4srey < B} .

With Definition 4.1, we state our assumption on the target density function ¢(x;):

Assumption 4.1 (Sub-Gaussian Property and Holder Smoothness of Target Distribution). The
target distribution g(z;) € H”’(R%, B). Further, there exist two positive constants C; and C5 such
that (1) < C) exp(—Cy||z1||3/2).

Assumption 4.1 provides a tail bound for the approximation error, and we leverage it to address
the error outside the bounded domain where our transformer approximation applies. We now
present the approximation theory for high-order flow matching transformers.

Theorem 4.1 (/-order Velocity Approximation with Transformers). Assume Assumption 4.1.
Suppose the k-th order velocity field u*(z,t) is Ly-Lipschitz for all k € 0,..., K — 1 in /-
distance. Let € € (0, 1) be the precision parameter satisfying ¢ < O(N~?) for some N € N and
smoothness parameter 3 > 0. Then, there exists transformers u?(z, t), ..., u®?(z,t) € T/>"
such that for any z € R% and t € [0, 1], it holds:

K T
Z/ / |u™(z,t) — uF(z,)||2 - py(x)dzdt = O(N’m (logN)2z71).
k=1t JRiz

Further, for all £ € [K], the parameter bounds in transformer network class satisty

Ckq,Crg = O(N?*CHD(log N*H1); - Cov, Coy = O(NF);
Cr,C%%° = O(N?\/log NL;_,); Cp=0(1); Cr=O0(Li),

where O(-) hides all polynomial factors depending on d, d, L, 5, Cy, Cs.
Proof. Please see Section D for a detailed proof. [

4.2 High-Order Velocity Estimation

In this section, we apply the approximation results in Section 4.1 to derive K-order velocity
estimation rates (Theorem 4.2). Given a set of i.i.d samples {x; }"_,, we train transformer networks

12



u'?, ..., u®? by minimizing the high-order empirical conditional flow matching loss (3.9):

0 0
L& = ZZ T i / XONN(OI H 1P+ of X( )) k’e(Xt(),t)H%
to

i=1 k=1

1,0

We evaluate the performance of estimators u'?, . .., u’? through the K -order flow matching risk:

Definition 4.2 (High-Order Flow Matching Risk). Let u*Y be the estimator of the k-th order
velocity field u*. Let © be the collection of parameters of u'?, ... u®Y. We define the flow
matching risk R (©) as the sum of the expected mean-squared difference between u*? and u*:

k:l

o | B, ) )]

where the density function p) represents the probability density function of X (Deﬁmtlon 3.1).

Further, we assume the path coefficients of the affine conditional flow preserve regularity.

Assumption 4.2 (Path Regularity). Consider the affine conditional flow (| X\”) = ;X% +
oz, the k-th derivative of path coefficients o, and 1, are continuous on [ty, T'], where to, 7" € [0, 1].

Assuming k-th order velocity Lipschitz continuity and affine path regularity (Assumption 4.2),
the following theorem presents the upper bounds on estimation error R i (©) with sample size n.

Theorem 4.2 (High-Order Velocity Estimation with Transformer). Assume Assumption 4.1 and
Assumption 4.2. Let 7% € 7}?’5’7 be the estimator of the k-th order velocity field u* trained by
minimizing the high-order empirical conditional flow matching loss (3.9). Let O be the collection
of parameters of u*? for k € [K]. Suppose the k-th order velocity field u*(x,t) is Lj, Lipschitz
forall k =0,..., K — 1. Suppose we choose the transformers as in Theorem 4.1, then

o] - . 10d
JE [RK(@)]_O(n 7o (o) )

where d is the feature dimension.

Proof. Please see Section E for a detailed proof. U

4.3 High-Order Distribution Estimation

Based on the K-order velocity estimation result in Theorem 4.2, we further analyze the distribu-
tion estimation rate for K -order flow matching transformer. The next theorem presents the upper
bounds on the expectation of 2-Wasserstein distance between the target and estimated distribution
induced by estimators «*? trained by optimizing the empirical conditional loss (3.9).
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Theorem 4.3 (High-Order Distribution Estimation under 2-Wasserstein Distance). Assume As-
sumption 4.1 and Assumption 4.2. Let PX be the estimated distribution at time 7". Then, it holds

E [Wo(PF, PE)] = O(n % - (logn)*®),

{=i}7,
where d is the feature dimension.

Proof. Please see Section F for a detailed proof. [

4.4 High-Order Minimax Optimal Estimation
We show that the K -order flow matching transformers achieves nearly minimax optimal rate:

Theorem 4.4 (Minimax Optimality of High-Order Flow Matching Transformers). Assume that
the target density function satisfies ¢(z;) € H?([—1, 1], B) and ¢(z;) > C for some constant C.
Then, under the setting of 18d(3+ 1) = d, + 203, the distribution estimation rate of flow matching
transformers presented in Theorem 4.3 matches the minimax lower bound of Holder distribution
class in 2-Wasserstein distance up to a log n and Lipchitz constants factors.

Proof. Please see Section G for a detailed proof. L

Remark 4.1 (Comparison with Existing Works). Flow matching with ReLU networks is nearly
minimax-optimal on Besov densities in I/, [Fukumizu et al., 2024], and kernel methods achieve
comparable rates in 1/} [Kunkel and Trabs, 2025]. We extend these results to all orders K and
to the major powerhouse in practice: transformer architectures. Our analysis proves that flow-
matching transformers attain near-minimax rates on Holder densities in W5 with assuming Lip-
schitz velocities, subsuming the first-order case at K’ = 1. Please see Section I for a detailed
analysis.

5 Discussions, Limitations, and Open Questions

Section 3 and Section 4 establish a unified theoretical framework for High-Order Flow Matching
and offer a sharp statistical analysis of High-Order Flow Matching transformers. As discussed in
Section 3.3, this framework subsumes the not only original first-order [Lipman et al., 2024, 2022]
but also many high-order flow matching models [Chen et al., 2025, Cao et al., 2025]. Furthermore,
the established sharp statistical rates provide rigorous support for all models under this unified
framework. This broad theoretical guarantee, covering both first-order and high-order approaches,
helps explain the empirical success of the high-order flow models.

While our analysis provides foundational statistical guarantees, the compelling empirical evidence
and our current theoretical framework present an intriguing open question: it does not elucidate a
significant improvement in statistical rates with increasing order K. In addition, while our frame-
work offers a unified perspective for numerous empirical studies, these often assume the validity
of the consistency constraint within the marginalization process (Theorem 3.3). Our research
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indicates that the general validity of this constraint, or indeed the derivation of similar conclu-
sions under broader conditions, remains an open question. We identify three primary directions
for future work stemming from these considerations: (i) Sampling Efficiency: The High-Order
Flow Matching framework enables the use of a K -th order Taylor expansion sampler. This sam-
pler achieves a local truncation error of O(h%*1) per step, with all K velocity components "
evaluable in parallel. Future empirical work should investigate whether this high-order accuracy
per step translates into practical benefits, such as requiring fewer function evaluations for a target
sample quality or faster convergence to high-fidelity samples. (ii) Stable Approximation Error
Propagation: In standard flow matching using Runge-Kutta Methods, the sequential nature means
approximation errors in uy evaluations may propagate and amplify within a single step as they
influence subsequent intermediate calculations. However, our K -order flow matching approach
solves the ODE without this feedback loop, which might leads to more stable error propagation.
(ii1) Relaxing the Consistency Constraint: A significant direction for future research involves ex-
ploring methods to either remove or relax the consistency constraint highlighted in Theorem 3.3.

6 Concluding Remarks

In this work, we introduce High-Order Flow Matching, a generalized theoretical framework for
flow-based generative modeling. Specifically, we characterize the relationship between flow 1)y,
K-order velocity field f;, probability path p; through governing ODE and mass conservation for-
mula (Definition 3.1 and Theorem 3.2). Then we purpose the K-order flow matching loss and
establish a tractable equivalent conditional K -order flow matching loss (Theorem 3.4) via high-
order marginalization trick (Theorem 3.3). Further, we prove that High-Order Flow Matching
subsumes standard first-order Flow Matching for ' = 1 (Proposition 3.1) and providing a uni-
fied theoretical foundation for understanding emerging high-order flow model approaches such
as HOMO [Chen et al., 2025]. Our second primary contribution is the first rigorous statistical
analysis of this High-Order Flow Matching framework when implemented with transformers. We
establish sharp approximation, estimation, and distribution learning rates (Theorems 4.1 to 4.3),
and demonstrate their near-minimax optimality up to logarithmic factors (Theorem 4.4).

Related Work. We defer an extended discussion on related work to Section A due to page limits.

Impact Statement

This theoretical work advances the fundamental understanding of flow matching generative mod-
els and presents no foreseeable negative social impacts.
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A Related Work

In the following, we discuss the recent success of the techniques used in our work. We begin
with the universal approximation theory of transformers. Then, we discuss the recent theoretical
progress in flow matching framework, including approximation, estimation and minimax optimal-
ity theories.

Universality of Transformers. The universality of transformers refers to their capability to ap-
proximate arbitrary sequence-to-sequence functions with any desired precision. Yun et al. [2019]
first prove this capability with deep stacks of self-attention and feed-forward layers through the
idea of contextual mapping by assuming a minimal separation among all hidden representations.
Subsequent work by [Alberti et al., 2023] extend the guarantee to variants that employ sparse
attention mechanisms. Building upon these works, Hu et al. [2025a], Kajitsuka and Sato [2023]
show that a transformer block with a single self-attention layer is sufficient to achieve universal
approximation.

Flow Matching and High-Order Flow Matching. Flow Matching generative modeling [Lip-
man et al., 2024, Gat et al., 2024, Chen and Lipman, 2023, Lipman et al., 2022, Liu et al., 2022]
has advanced the state-of-the-art in various fields and applications, including images [Esser et al.,
2024] , speeches [Le et al., 2023], audios [Polyak et al., 2025] and biomedical data [Huguet
et al., 2024]. These standard flow matching frameworks learn first-order trajectory dynamics
(velocity field) to smoothly transport a simple source distribution to the target data distribution.
However, there is a growing interest for the role of high-order dynamics in generative modeling
with improved accuracy and efficiency, which has been applied in various empirical explorations.
For instance, Cao et al. [2025] integrate special relativistic mechanics to enhance the stability of
generative modeling by supervising on second-order dynamics (acceleration) to ensure sample
velocities remain bounded within a safe limit. Similarly, Liang et al. [2025] also augment flow
auto-regressive transformers with second-order supervision by capturing complex dependencies
through high-order dynamics.

Statistical Rates and Minimax Optimality of Flow Models. Benton et al. [2023], Albergo
and Vanden-Eijnden [2022] measure the convergence of flow models by the Ls-risk of the ve-
locity field but omit explicit convergence rates. Jiao et al. [2024] work in the latent space of an
autoencoder and derive explicit convergence rates for flow models; however, they do not consider
the smoothness of the target density class. Fukumizu et al. [2024] demonstrate that flow matching
achieves nearly minimax-optimal distribution estimation rates in Besov density function spaces
under the 2-Wasserstein distance using ReLU network architectures. Kunkel and Trabs [2025]
establish similar results under the 1-Wasserstein distance by employing the kernel density esti-
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mators. In this work, we provide the first theoretical evidence of the minimax optimality of any
order flow matching using transformer architectures, and our results recover the first order case
as a special instance. Notably, we show that flow matching transformers (FMTs) achieve nearly
minimax optimal rates in Holder density function spaces under the 2-Wasserstein distance with-
out imposing the Lipschitz continuity assumption on the velocity field. Please see Section I for a
detailed analysis.

B Supplementary Background: Transformer Block

In this section, we introduce the transformer network architecture that we use throughout the
paper. Our notation follows [Hu et al., 2025b, 2024]. To begin with, given a matrix Z € R%*L,
we denote the i-th column and the j-th row by Z.; and Z;. respectively.

Transformer Block. Let F&4) . R¥L — R?*L denote the self-attention layer. We use h and s
to denote the number of heads and hidden dimension in the self-attention layer, and then we have

h
FON(Z) = Z + ) W} (W Z) Softmax [(W}c Z) (W) )], (B.1)
=1

where Softmax(-) is the column-wise softmax function, W7, Wi, W, € R**?, and W, € R***
are the weight matrices. Let r be the MLP dimension. Then, we define the feed-forward layer:

]:(FF)(Z) =7 + WoReLU(W1Z + by) + ba, (B.2)

where W, € R™*? and W, € R?*" are weight matrices, and b; € R", and b, € R are bias.

Definition B.1 (Transformer Block). We define a transformer block of h-head, s-hidden dimen-
sion, r-MLP dimension, and with positional encoding E € R%*% as

Frer (Z) = FO (FOY(Z + E)) : RF s R,
Now, we define the transformer networks as compositions of transformer blocks.

Definition B.2 (Transformer Network Function Class). Let 7" denote the transformer net-
work function class where each function f € 7" is a composition of transformer blocks F"*",
ie.,

Th,s,r — {fT . RdXL — RdXL | fT — fh,s,r oG J—_'h,s,’r}'

Flow Matching Transformer. Following from common architecture of diffusion transformers
(DiTs) [Hu et al., 2025b, 2024, Peebles and Xie, 2023], we adopt the reshape layer R that converts
a vector input x € R% into the sequential matrix input format Z € R%’ for transformer with
d,=d- L.
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Definition B.3 (Reshape Layer). The reshape layer R(-) : R% — R%L transforms d,-
dimensional input into a d X L matrix. Specifically, for any d, = ¢ x i image input, R(-) converts
it into a sequence representation with feature dimension d = p? (where p > 2) and sequence
length L := (i/p)>. Further, we define the reverse reshape (flatten) layer R~'(-) : R¥*% — R% as
the inverse of R(-).

Finally, we define the following transformer network function class with the reshape layer. To
simplify, we define Wyg = (Wg) " Wg and Woy == WoWy.

Definition B.4 (Transformer Network Function Class with Reshape Layer 7}?’8"’“). The trans-
former network class with reshape layer 7;;“”(07, C’IQ(’E;, Cko, C’é’@o ,Cov,Cg, C%OO, Cr,LT)
satisfies:
« To*" ={R ‘o froR:R% = R% | fr € Th*"};
* Transformer network output bound: sup, || f+(Z)|2 < Cr;
« Parameter bound in F®: max{||W 2.0, [Wall2c0} < C2°, max{||[Wi|s, [|[Wall2} <
CZ;
» Parameter bound in F&4: |[Wigl2 < Ckq. [Wovllz < Cov, [Wkolze < Cxo
IWovlzec < Covs

e Lipschitz of f7 € T™*": || f(Z1) — fr(Za) || < L||Z1 — Zs|| ., for any Zy, Zo € RIXE,

ET||,.. < Cg,where 2, co-norm follows ||- [|2,00 = max;e(z; || Z;]l2;

We remark that these norm bounds are critical to quantify the complexity of the network class.
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C Proofs in Section 3

In this section, we formalize the high-order flow matching. Section C.1 establishes the
flow—velocity equivalence through an ordinary differential equation argument (Theorem 3.1). Sec-
tion C.2 ensures the mass conservation in high-order flows (Theorem 3.2). Section C.3 derives
the marginalization property (Theorem 3.3). Section C.4 shows the gradient equivalence between
the flow matching and conditional flow matching objectives (Theorem 3.4). Finally, Section C.5
unifies the framework by proving that /& -order flow matching collapses to the standard first-order
case (Proposition 3.1).

C.1 Proof of Theorem 3.1

In this section, we present the main proof of Theorem 3.1.

Theorem C.1 (Theorem 3.1 Restated: Flow—Velocity Equivalence via ODE). Define the class
of structured k-order velocity fields as those of the form:

fi(ye) = col(ul(xgo), t),... ,uK(xgo), t) € RED g, = col(xgo), . ,xEK_l)) e RE4,

where u* : RE4 x [0, 1] — is locally lipschitz in y; and continues in ¢ for any k& € [K]. Suppose
the velocity fields ul(:c,go), t),...,uf (1'750), t) satisfy total derivative constraints (3.3). Then, for
any initial condition yo € R*?, the ODE Sy, = f(y;) exists a unique local solution y;, which
defines a K -times differentiable flow ¢ (z) := 2\% and satisfy g—;wt(:p) = 2™ forall k € [K].
Conversely, any K -times differentiable flow 1, : R? — R defines a velocity field f; via (3.1).

Proof. We prove both directions:

(0) (K—l))

From velocity field f; to flow ¢;: Letyo = (..., % T € R¥4 be any initial condition.

Then, the system (3.1)
d

%= fi(y:), with initial condition o,

is a standard autonomous first-order ODE on R*? with a Lipschitz right-hand side. By the Pi-
card-Lindel6f theorem, there exists a unique local solution y;. Let us define the flow ¢;(x) := xio)
and since ¥, is differentiable, v, is differentiable. By repeatedly applying the total derivative con-
straint (3.3), we can establish that 3, (z) = 2™ for all k € [K]. Specifically, for any k € [K],

dtF
we have:

xik) — uk(xgo), t) (By definition of the ODE)
d
= aukfl(:cgo), t) (By (3.3))
d k-1 N
= &xt (By definition of the ()DE)
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dk
B @d]t(x) (By induction)

This confirms that the k-th order velocity field corresponds exactly to the k-th time derivative of
the flow ;.

From flow ¢, to velocity field f;: Suppose there is a K -times differentiable flow ;. Define

dK—l

= W(e), (o) s S )]

i) = ol (o)., @)

Then, by direct differentiation:

d
&yt = fi(ye).
This completes the proof of the bidirectional equivalence. ]

C.2 Proof of Theorem 3.2

In this section, we provide the proof of Theorem 3.2.

Theorem C.2 (Theorem 3.2 Restated: Mass Conservation of High-Order Flow). Let y;, =

(:CEO), . ,ng_l))T € REY Let velocity field fi(y;) = (u1(x§0)7t)7 e 7UK($§0)775))T € R,

where u*(2\”, t) is locally Lipschitz and integrable for all k € [K]. Let p; : RXY — R be a

time-varying probability density over the extended state Y; € R¥? follows Definition 3.1. Then
the following statements are equivalent:
1. The pair (f;, p;) satisfies the Liouville’s equation on the extended space:

%pt(y) +Vy - (pe(y) fily)) =0, forallt € [0,1).

2. Following Definition 3.1, the probability law of Y; evolves under the flow:

d )
SYe=fY), with Yo~po, Yi~op (C.1)

For some arbitrary probability path p;, we define f; generates p, if (C.1) holds.
Proof. We prove both directions:

From ODE (C.1) to Liouville’s Equation: Let ¢ : RX? — R be any smooth function with
compact support (i.e., a test function). We first compute the time derivative of following quantity

mwnﬂ=/¢@mwMy (C2)
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Since the Y; satisfy the ODE (C.1), the derivative of the expectation becomes:

c(lit Elo(Y;)] = E[iqﬁ(}ﬁ)} (By swiching the expectation and derivation)
= E[V,0(Y;) - %Yt] (By the chain rule)
= E[V yng(Yt) fi (Yt)] (By the ODE (C.1))
= / Vo) - fi(y)p(y)dy
= / oy (y)pe(y))dy. (By the integration by parts)

Therefore, for any test function ¢, it holds

%cb(y)pt(y) + oY)V - (£ (y)pe(y))dy = 0,

which leads to Liouville’s equation

%pt(y) +Vy - (pe(y) fe(y)) =0

From Liouville’s Equation to ODE (C.1): According to the equivalence between the flow 1); and
its associated velocity field f; (Theorem 3.1), the ODE (C.1) admits a unique local solution y;,
which defines a unique flow ;. By the pushforward formula and the definition in Definition 3.1,
this flow induces the distribution Y; ~ p;. Moreover, p; satisfies the Liouville equation associated
with the velocity field f;.

Since the Liouville equation admits a unique solution in the space of probability densities starting
from the same initial distribution py, and both p; and p; solve the same continuity equation with
initial condition py, we conclude that p; = p;. This completes the proof. ]

C.3 Proof of Theorem 3.3
This section presents the proof of Theorem 3.3.

Theorem C.3 (Theorem 3.3 Restated: Marginalization). Recall that for some arbitrary proba-
bility path p;, f; generates p, if Y; ~ p, forall t € [0,1). Let Z be a random variable, if f;(z|z) is
conditionally integrable and generates the conditional probability path p;(:|2), then the marginal
velocity f; := [ fi(y|2)p:(z|y)d= generates the marginal probability path p.

Proof. Applying the mass conservation follows Theorem 3.2, we only need to verify that the f;
and p, satisfy high-order continuity equation, i.e. Liouville’s Equation:

d d
&pt( ) / 1 pt|Z(y\ )pz( )d (By the law of total pr()bability)
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= /—V . [ft(y|z)pt(y|z)]pz(z)dz (By Liouville’s equation)

= -V /ft(y|z)pt(y|z)pz(z)dz (By switching differentiation and inlcgralion)

--v. / Doyl2)pz(2)/mi0)] - e}z

= y)pt (y)] (By the definition of f;(y) and the Bayes’ rulc)
This completes the proof. U

C.4 Proof of Theorem 3.4

In this section, we prove Theorem 3.4.

Theorem C.4 (Theorem 3.4 Restated: Gradient Equivalence of Losses). Let the Flow Matching
loss LK, be defined as in Definition 3.2, and the Conditional Flow Matching loss L&, be defined
as in (3.5). Then, when D(+, -) is a Bregman divergence, the gradients of the two losses coincide:

VLiw(0) = VL (0).

Proof. Similar to the Theorem 4 of [Lipman et al., 2024], the result follows from the Marginaliza-
tion Trick (Theorem 3.3) and the expectation-swapping property of Bregman divergences (3.6).
A direct computation then shows that:

= E V,D

Y~y ZNPz\t )

VoLEs(0) =V t Y]Ept D(f.(Yy), (VD)) (By the definition of Flow Matching Loss)
= ty]Ept VoD(f:(Y:), fE(Y;))  (By swaping the expectation and the gradient computation)
= ty]tEiptV WD(f(Yy), LY Vo fl (V) (By the chain rule)

(

LAGAZ)] Y)Y fi (V)
(By the marginalization trick follows Theorem 3.3)

= E _E [V,D(LY2)], fL(Y))Vofl(Y.)]

t,Yi~pt Zoop, e (ly)
(By the property of Bregman divergence follows (3.6))

= K E [V@D([ft(Yt|Z)], fte(Yt))] (By the chain ru]e)
1,Yi~pe Zsz\t("y)
= E D(f,(Y112), fi(Y, By the Bayes’ rul
Vo, B PUHIZ) 7 00) (By the Bayes' i)
= Vgﬁf;M(e).
This completes the proof. O]

C.5 Proof of Proposition 3.1

This section gives the main proof of Proposition 3.1.
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Proposition C.1 (Proposition 3.1 Restated: Reduction to Standard First-Order Flow Matching).
When K = 1, the entire K-order flow matching framework, including the governing ODE, the
probability path definition via the continuity equation, and the /K -order flow matching objective,
becomes precisely equivalent to the standard first-order Flow Matching framework as detailed in
[Lipman et al., 2022, 2024].

Proof. The equivalence follows by setting K = 1 in the definitions of our K -order framework.

1. State Variable and ODE: From Definition 3.1, when K = 1, Y, = Xt(o) = X;. The
ODE system %Yt = f;(Y;) simplifies to %Xt = u!(X}), which is the governing ODE for
standard flow models ([Lipman et al., 2022, 2024]). The K -order velocity field f; becomes

ul.

2. Probability Path and Continuity Equation: The A -order mass conservation formula
(Theorem 3.2) for K = 1 reduces to the standard Mass Conservation Formula (Theorem 2
in [Lipman et al., 2024]).

3. Loss Objective: The K -order flow matching loss (Definition 3.2), which targets matching
¢ to f, simplifies to matching only the u"' component: E; x,,, [D(u} (X;),u;?(X;))]. This
is the standard Flow Matching objective (Eq. (5) in [Lipman et al., 2022]). The conditional
formulation via Theorem 3.3 similarly simplifies to the conditional Flow Matching loss used
for standard FM.

Thus, all core components of the K -order framework align with standard Flow Matching. ]
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D Proof of Theorem 4.1

In this section, we prove Theorem 4.1 following steps similar to the velocity approximation in Sec-
tion J: (i) applying the universal approximation of transformers (ii) leveraging the sub-Gaussian
property of the target distribution to bound the approximation error of the K order velocity field.

Organizations. Section D.I introduces helper lemmas. Section D.2 presents the main proof.

D.1 Auxiliary Lemmas

In this section, we introduce four auxiliary lemmas. In Lemma D.1, we give the lower-bound and
upper-bounds on p;(x). In Lemma D.2, we state the classical Gaussian tail bounds. In Lemma D.3,
we approximate the k-th order velocity field over a bounded domain. To control the error in
unbounded regions, we exploit the sub-gaussian assumption of the target distribution ¢(z;) in
Lemma D.4.

We begin with the bounds on p;(x).

Lemma D.1 (Bounds on the Density Function, Lemma A.9 of [Fu et al., 2024]). Recall that
pe(x) = Jga, Pe(zl1)g(z1)d21 and pi(z|z:) = WGXP(_HQU—M%H%/QUS)- Assume

Assumption 4.1. Then, there exist a positive constant C; such that

Cy ( llz||% + 1) Cy ( Co||z]|3 )
—exp | ——F— | <p(x) < exp | =557 | -
o oF ) M= G e P T2 + CuoD

Then, we apply standard results for Gaussian tail bounds. We remark that the main purpose of
stating Lemma D.2 is to streamline the main proof of Theorem 4.1 in Section D.2.
Lemma D.2 (Gaussian Tail Bounds). Consider a random vector X = (Xi,..., Xy )T
N(0,021). Let wg, = 2% /T (% ). Then, the following two inequalities hold:

X2 D?
/ exp <—w) dX < wdzafDdz_Q exp (——2),
|X(>D 203 20,
D2

X 2
/ 115 exp (_%) dX < wa, - (Utdez + defDdz_Q) exp (——)
IX1>D

~
T

2
t 20}

Proof. We first express the integral in spherical coordinates for X

e’} 2
/ exp(—HXHg/QJtQ)dX = wdz/ rd“_lexp(—%)dr.
IX|[>D D 20}
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Let Jp == [ rd~ exp( )dr Setting u := r%~2 and dv := rexp( )dr we have

2
du = (dy — 2)r*73dr, and v = —0?exp (——)
o

0o 2
)] 2)0—3/17 %3 exp (—2%2>dr (D.1)

”\

J(D) = [ =252 exp(

2
r

= 0; 2pde—2 exp< 2) + (dy — 2)o / rd==3 exp <_F> dr (By integration by parts)

Oy D O

2
< 2Ddx—2 D i . . )
< 0y exp ——2 (By dropping the second telm)

0%

We obtain the final bound

X|I? D?
/ exp(—” |2|2>dX < wg, Dd“ 2exp(——2).
| X|>D 20} 20}
This completes the proof of the first inequality. For the second inequality, we have
X
[ ixies( -5 )ax
IX[>D 20
= Wq, /Oo r2rd—lexp (—T—ZQ) dr
D 20{
/oo dy+1 ( r’ )
= Wq, re T exp| —=— |dr.
D 2‘7?

Let K(D) = [ r¥* exp( )dr u = 1% and dv —rexp( )dr Then,

2
du = dyr~'dr, and v= —0oZexp (_r_2>
207

Therefore, the integration by parts gives

K(D)

d TQ = + /OO 2 T2 d d fld
= | —r¥g?exp| —— O, exXpl ——5 |d,r™ r
t P 20'1‘,2 D b t p 20—1,2
D2 [e’e) 3 7,,2
= g2D% exp(—£> + d,o; /D i 1exp(—QT‘%)dr.
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Recalling (D.1)

¥ r’ 2 ydp—2 D?
Jp ::/D rée exp(—QT‘tQ>dr, and Jp <o, D% exp(—ﬁ),

we have

K(D)
D2
= U?Dd’“' exp <_QT"2> + dwO-gJD

t

D? D?
< UtQDdz exp (—27”2) + dzaf . (UtQDdI—Q exp (—T‘?)) (By the bound on Jp)
D2
= (atde“” + dxafDd””_Q) exp (——2)
20}

Then we obtain the final bound

X2 D?
/”X” . ||X||§exp (— ” HQ))dX < wyg, - (atde”” + dzafDd”‘_2) exp (——2>
>

207 207
This completes the proof of the second inequality. [

Applying the universal approximation of transformers (Theorem H.2), we first approximate the
k-th order velocity field u* over a bounded domain with transformers 1%,

Lemma D.3 (Approximate k-th Order Flow with Transformers). Assume Assumption 4.1. Let
D be an absolute positive constant. Then, for any x € [—1,1]%, ¢ € [0,1] and € € (0,1), there
exist a transformer u*?(x,t) € T;*" such that

1
/ / pi(a) - luh(, £) — u(z, )| 2dadt < &,
0 J[-IId

for all k € [K]. Furthermore, the parameter bounds in the transformer network class satisfy

Ckq, Cgy = O(I**?e47%);: Cov, Ca = O(e);
Cp,C2% = O(Ie 'Ly_1); Cg = O(1); O = O(Li—1)

where O(-) hides all polynomial factors depending on d, d, L, 3, Cy, Cs.
Proof. By specifying the target function as f = wu* and the transformer-based estimator as
g = u®’ in Theorem H.2, and applying the bound p,(x) < 1, the proof follows Theorem H.2

since the reshape layer (Definition B.3) does not harm the uniform continuity. Further, by the
Lipschitzness of the k-th order flow, we have ||u*(x,t)||2 < Lj_;. Then, the parameter bounds in
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transformer network follow Lemma H.4, where we set the model output bound C'7 = O(Ljy_1).
This completes the proof. O]

To control the approximation error over an unbounded domain, we introduce tail bounds for the
probability flow p;(z) and the weighted squared norms of the u*, given by ||u*(z,)||% - pi(z).

Lemma D.4 (Truncation of x, Modified from Lemma A.l of [Fu et al., 2024]). Assume As-
sumption 4.1. Suppose the k-th order velocity field u*(z,t) is Lipschitz continuous for all
k =0,...,K — 1. Let L; denote the Lipschitz constant of u*, and then the velocity fields are
uniformly bounded as |u*(z,t)| < Ly, for any k € [K]. Then, for any R;,¢ > 0 and k € [K],
the following hold

_ CoRR2
pi(x)dxr < R% 2exp(—— ,
/nxoo>31 () ' 2(pz + Coo?)

CyR} )
k 2 2 pdy—2 2117

u (z,t)||5 - pe(x)de S L (RY" “exp| ————+—< |-
/”3300>R1 “ ( )H2 pt( ) S p< 2(/’(/? C2Jt2)

Proof. For the first inequality, it follows

/ pi(z)dx
|z oo >R

Co||3 )
: P\ 5071 oy ) By Lemma D.1
B /”3600>R1 P ( 2(#% —+ 0201?) ( y Lemma )

G|z |3 )
< exp <—— dz By [1z]l2 > [[2]l)

/”302>R1 2(#? + 020'152) (
CyR?

< Rba—2 exp (——1) By Lemma D2
- 207 + Coo}) ( )

For the second inequality, it follows

/ (@, 0)|12 - po()da
|z]|co>R1

Col|z[l3
< Wl OIZ exp | ———2112 ) qx Bl o
NAMMH(,% (e S
— o]}
S L2_ eXp <—2 dz (By the Lipchitzness of the k-th order ﬁow)
/Ilzlloo>R1 o 2(pu2 + Cyo?)

Oy R?
S Li—lsz_Q exXp (_ 5 21 ) . (By Lemma D.2)

(17 + Ca07)

This completes the proof. []
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D.2 Main Proof of Theorem 4.1

We now present the formal proof of Theorem 4.1.

Theorem D.1 (Theorem 4.1 Restated: K -order Velocity Approximation with Transformers).
Assume Assumption 4.1. Suppose the k-th order velocity field u*(x,t) is Ly-Lipschitz for
all k € 0,...,K — 1 in ly-distance. Let ¢ € (0,1) be the precision parameter satisfying
€ < O(N—P) for some N € N and smoothness parameter 3 > 0. Then, there exists transformers
u?(x,t), ..., uf?(z,t) € T2*" such that for any z € R% and ¢ € [0, 1], it holds:

K T
Z/ / |u®(z,t) — uF(z,t)||2 - py(x)dzdt = O(N’Qﬁ (logN)271).
k=1 /to JRiz

Further, for all £ € [K], the parameter bounds in transformer network class satisty

Ckq,Crg = O(N?*CHD(log NP*H1); Cov, Coy = O(NF);
Cp,C%%° = O(N?\/log NLi_,); Cgp=0(1); Cr=O0(Li1),

where O(-) hides all polynomial factors depending on d, d, L, 3, Cy, Cs.

Proof of Theorem 4.1. Foru'?(x,t), ..., uf?(x,t) € Ti">", we set the transformer output bound
Cr = O(Ly_4) for the k-th network and let R3 and ¢, be two positive numbers to be chosen.

First, we decompose the target into three components and bound each of them

K T
S [ [ It 18 plasdadt
k=1 7/to JRiz
K T
=Z//‘ [P (1) — b (e, 6) 2 - pua)dadt
=1 Jto Jlzlle>Rs
(T1)
+Z/ / [ (2, 1) — uF (2, 8)|)? - pe(a)dadt
Q?||oo<R5

J/

* Bound on (T}). It holds

- Z/ /z||oo>R3 [, ) — u (2, O3 - pe(w)dadt

30



K
SQZ/t [ (2, )13 - pe(a dxdt+22/ /||| . [k (2, ) |2 - pe(a)dadt
k=1 [z oo

(By expanding (g—n()rm)

K T
< ZLz_l/ / dxdt+2/ / [ (2, £)||2 - pe()dzdt
Hw||oo>Rs lz]loo>R3

k=1 to
(By Cr = O(Ly-1))

lz]lo>R3

K T
< Z LZ—l/ pi(x)dzdt (By the Lipschitzness of the k-th order flow)
k=1 to Jl|z|loo>R3
CoR3
< R¥2 exp ( ) L / By Lemma D .4
~o 2(ui + Ca07) g ( )
Cy,R?
< Re2exp( — 3 ) L3 By to, T € (0,1)
= fig p< (Nt+020t Z (By to (0,1))

* Bound on (T5). For any € € (0, 1), it holds

(Ts) = / / 5@, ) — (@, )2 - pua)dadt < K. (By LemmaD.3)
to ‘J:||OQ<R3

By the upper-bound on (T;) and (T3), we have

K T
S [ [ It 0l pedea
k=17t JR%

= (Ty) + (T9)

CyR2 -
< Rd=—2 _ 2°43 2 K2
sa (gt 2 ke

_ CyR2
S5 *on( g )

Finally, for some NV € N and 5 > 0, we set

48(p? 2)log N
R3 ::\/ B(Mt+220t) o8 and e¢:=N7%.
5

This gives

K .
Z/ / e, t) — ut (@ D3 pla)dadt = O(N* - (log N) %)
k=1 “to JR%
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The transformer parameter bounds follow Lemma D.3 with I = O(y/log N) and e = N=% > 0:

Crq, CRey = O(N*CH D (log NP**1): Coy, CHY = O(N™7);
Cp,C2® = O(N?\/log NLj_,); Cp = O(1); C = O(Ly_,), (D.2)

This completes the proof. L
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E Proof of Theorem 4.2

In this section, we derive the estimation rate of the K order flow matching using transformers. We
decompose the proof of Theorem 4.2 into the following three parts due to its complexity.

e Step 0: Preliminaries. We introduce several essential definitions, including the K order
conditional flow matching loss, K order empirical risk and their domain truncation. These
definitions are the extensions from the velocity estimation analysis (see Section [.3 and
Section L).

» Step 1: Controlling Error from Loss Function outside of the Truncated Domain. By
leveraging the sub-Gaussian tail bound and the Lipschitz continuity of the k-th order veloc-
ity field, we derive an upper bound on the loss function outside of the truncated domain in

Lemma E.1.
 Step 2: Upper Bound on the Covering Number. We present a unified upper bound on the
covering number that holds across K transformer networks v'?, ... 4% in Lemma E.2.

» Step 3: Generalization Error. We apply the covering number technique to bound the
deviation between the K order empirical risk and the K order true risk in Lemma E.3.

Organizations. Section E.1 includes preliminaries on the framework of estimators’ quality eval-
uation. Section E.2 introduces auxiliary lemmas. Section E.3 presents the main proof.

E.1 Preliminaries

In this section, we consider affine conditional 1), (x| X fo)) = X 1(0) + o,z following Section 2.
Given k-th order velocity estimator u*, we aim to bound the flow matching risk R x(O):

/mwp [lu"? (2, t) — u* (2, t)||3]dt

where the density function p; and the k-th order flow are induced by the flow ¢/, (Definition 3.1).

In practice, we use the K order conditional flow matching loss to train u'?, ... u®? ¢ 7;?5”.

Definition E.1 (High-Order Conditional Flow Matching Loss). Let ¢ be the ground truth dis-
tribution and the normal distribution N (0, /) be the source distribution p. Considering affine
conditional flows ¢, (x| X;) = ;X1 + 0,2, we define the K order conditional flow matching loss:

CFM E :

(k k 0 0
/ o B 1050 1o X10) b0, et
to Q7X0
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Further, we define the K order loss function

K

0 0

boint,o ) =Y [ B 1 o) — 0. )
k=1 to ~p

1,0

Given a set of i.i.d sample {x;}" ,, we obtain transformers u'?, ..., u®¥ by optimizing the em-

pirical conditional flow matching loss:

0 0
CAREES o Spe b [ B I o X = ol
to

zlkl

Then, we define the K -order empirical risk:

Deﬁnition E.2 (High-Order Empirical Risk). Let u* be the estimator of the k-th order velocity
field u . Further, consider i.i.d training samples {z;}!" , and empirical conditional flow matching
loss ‘CCFM = 15" k(2 -). Then, we define the K order empirical risk:

1< 1<
:—ZZK(:ci;ul’g,...,uK’g)——ZKK(xi;ul,...,uK).
] e

Remark E.1. Let R (f;) be the ground truth inputs of the high-order risk; that is, u*? = u* for
any k € [K]. Then, by the definition of high-order velocity field in Definition 3.1, R (f;) = 0
since fi(y;) = (u',...,uff) is the collection of K order ground truth velocity fields. Further,
the gradient equivalence Theorem 3.4 implies that R (0) = Rx(0) — R (f;) = LE(0) —

Lerm(fr).

Remark E.2. We use E{;ZM and ﬁ’ to denote the conditional flow matching loss and empirical
risk with training samples {z}"_,. Then, by the i.i.d assumption on the training sample, we have

!

Efaryn | [EgFM(@)] Lcrm(0), and therefore Eyyn [R’ (©)] = Ri(O).
To obtain finite covering number, we introduce the K truncated loss and truncated risk.

Definition E.3 (Domain Truncation of High-Order Loss and Risk). Let D > 0 be constant.

Given the K order conditional flow matching loss /g (x;u'?, ... u*?) defined in Definition E.1,
we define its truncated counterparts on a bounded domain D = [ D, D)% by
e (pyut? o u) = (L W) 2] < DY

Given the K order conditional flow matching risk and the K order empirical risk, we define

RiE™(6) = Ri(©)Hlzlos < D}, RE™(O) = Ri(©) Lzl < D}.
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E.2 Auxiliary Lemmas

We follow the proof of velocity estimation in Section L..2 and Section L.3 to bound the K order
flow matching estimation error. Since direct computation of risk is infeasible, we first decompose
the K order flow matching risk R i into four terms. Then, we leverage the sub-Gaussian property
(Assumption I.1) and the Lipschitzness of transformer network class (Definition B.2) to bound
each term. Specifically, we introduce three lemmas to bound

1. the error from the domain truncation of loss function class (Lemma E.1),
2. the log covering number of loss function class (Lemma E.2), and
3. the generalization error bound (Lemma E.3).
Risk Decomposition. For simplicity, we shorthand R (u?, ... u®?) with Ry. Let {2/}, be
a different set of i.i.d samples independent of the training sample {z;}"_,. Then we decompose:
E [Rel= E [ E [Ri— R

{zi}in, {zibin, =i
-

-~

@
+ E [ E [zfé/lgrunc _rfé‘%unc]]

{zitin, {=i,

-~

(1)
+ E [RE™ _Ril+ E [Rkl,

{wi}i, {zi}i,

J/ J/

~ ~~

(I11) av)

where we use the fact that E¢, y» [Ri(0)] = Rk (©) (Remark E.1). This decomposition follows
standard statistical learning theory technique, formulated in [Hu et al., 2025b, Fu et al., 2024].

High-Order Truncation Loss. We begin with the bounds on term (I) and term (III).

Lemma E.1 (Upper Bound on the High-Order Truncation Error). Letu!? ... u%? ¢ ’7}3’8” be
transformers in Theorem 4.1. Then, for any ¢ € [ty, T it holds

1
E[|[lx(z;u™?, ... w0 — 05 (z; 0, .. u®0)|] S KD% exp (—502D2> ml?X{Li}.

Proof. By Theorem 4.1, we have transformers output bounds C7 = O(Ly_1) for all k.

For all k € [K|, we define

1 T
/ .. k0 — E k.0 X(O) t) — (k) (k)X(O) 2 dt
Kz u™) T—to/t XONN(O’I)[HU (X7 t) = (w0 X )3

1
T —t

T
runc . R 0 k k 0
G () = / o o I3 1) = (e P Xt {lall, < DY,
t ~ )

35



Then, it holds

E[| ¢ (25 u™?) — 7 (23 u*)|] (E.1)
= EH&C(I; uk’e)]l[HxH > D]H (By Definition E.3)

T

1 T
E (X9 8 — (1P + o™ X OV 21q(x)dzdt
T—to/ /|x>DX0~N(OJ)[“ (X; ) — (1 t o )ll2la(x)
(By Definition E.1)

S RO, 8 o dzdt
h T_t‘)/ /|x>D Xo~N(0,I) [l (X 11z + [l x+‘7t H Jg(z)dx

(By expanding the £3-norm)

S uFOX 03+ e+ of ex <_‘Cx )dxdt
St [ B KO0 s ol (ol

(By Assumption I.1)

(k) 3 (0))2
max LY+ x40, X, exp| —=Csl|z||5 |dzdt
_t‘)/ /Ia:>DXo~N(01 {2} ”“t t 15 p( 2| Hz)
(By C1 = O(maxy{Ly}))

1 T 1
< / / (max{L2} + (of")2d, + (") )eXp<——Czl\93H§)d$dt
T'—toJty Jjajzp * 2

(.’I'(] ~ :\Y(() [))
D=2 exp(—3C,D?) [T D% exp(—3CyD?) (T
< D en (G | (a2 + ()2, e + (5B | tyear
T - to to k T - to to
(By Lemma D.2)
1
< D exp (_ECQDQ) maX{L }. (By Assumption 1.2)
Therefore,
E[|¢x (; w0y — e (g ,uK’G)H
K
< Z E[Mk(x; uk’e) — ﬁgunc(l’; uk,@) H (By triangle inequality)
k=1
< KD% exp (——CQDQ) maX{L }. (By (E.1))
This completes the proof. O]

Covering Number of High-Order Loss Function Class with Transformers. The next lemma
extends Lemma L.2 to its higher-order counterpart.
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Lemma E.2 (Covering Number Bounds for S(D), Lemma K.2 of [Hu et al., 2025b], Theorem
A.17 of [Edelman et al., 2022]). Let ¢. > 0. We define the loss function class by S(D) :=
{lrc(z;ub? . uF0) D = R | ', ... u"? e T/"*"}. Further, we define the norm of loss
functions by ||{x ||ccp = max,e_p, pje= |(x|. Then, under transformer parameter configuration in
Theorem 4.1 the e.-covering number of S(D) with respect to |||, satisfies:

log (nL
log N (e, (D) [[lloop) < O(%WNWG‘””) (log N)8d+8),

C
Proof. We first derive the log covering number of transformers u"?. ... u®? in Theorem 4.1.
Then, we extend the results to & order loss function class.

* Log-Covering Number of Transformers Network Class. From (D.2), for all £ € [K], we
have

Crq,Cry = O(I'"™2e472); Cov, C5F = Ole);
Cp,C%° = O(Ie ' Ly_1);Cp = O(1); O = O(L—1),

where I = O(y/log N) and e = N~% > 0 some N € N and 8 > 0.
By Lemma L.2, the bounds on log-covering number follow

log N (e, T [Ill5)

a?log (nL o o 2)3
< CRB LT (g )t 4 a3 (2(CrCon €)1+ 2((CrPC))
< a? loggnLT)(14/36,4/3+[4/36,4/3 (2/3  [(8d+4)/3.-8d/3-4/3 | 14/3.-4/3 2/3 )3
~ Ec -~ / H/_/ v

O (Covit (kg ST ok
< o?log gnLT) ' (I(8d+8)/3€—8d/3—2)3
EC

o a*log (nLt) . [8d+8,.~8d—6
=— ,

By Lemma L.2, we have

o= (CF)2COV(1 + 4CKQ)(D + CE)

< P2 ¢ M2 M2 (Do By the definition of «
SLe’- e - ( ) (By )
(Cr)?2 (Cov) (Ckq)

— D]4d+4€_4d_3
Altogether, for all u*? € 7", we have

log (nLr) e
h,s,r T
log N (e, TR 1l Ily) < 6—2Dzllﬁd+166 16412
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Further, by || - [|o < || - ||2, we have

log (nL
log/\/(ec,ﬂ’s’r, I lleo) < ¥D2[16d+166—16d—12‘ (E.2)

for all u"? € T*".

+ Log-Covering Number of Loss Function Class. Let § > 0. Let u := {u'?, ... u®?} and
u = {u'?, ... uf’} be two sets of transformers network satisfying ||u*? — 7*%||o, < & on
domain z € [—-D, D|% for all u** € u and u*? € 4. Further, let ¢;, denote the ground
truth £-th order conditional velocity field (Definition E.1):

* k k 0
Vg = % + oK

Then, the distance between two K order conditional loss functions ¢ ;(z; ul? . ,uK’Q)
and ( o(; ut?, ... u™Y) follows:
\em ziu? ) — Uy att ) (E.3)
k.0 750 * |12
—_— |dt — dt
'ZAXNMM gl ZAXMMH Ul
(By Definition E.1)
- 1 ’ 94 0
< E u® -2 — @*Ndt| (By triangle i alit
< Z — /t W Bl Ure) | (uf )] ‘ (By triangle inequality)
K
< k.0 —k,0 — Q¥ dt By [|luff — gFo| _ < §
< X_j / B+ =207, (By [0 — 7| < )
K
< k0 Bv Jensen’s inequality
< Z: / \/ o N o [||uk?f + u® 2]de (By Jensen’s inequality )
< Z — / \/max{Lﬁ} + 2|7, |13dt (By C7 = O(max;,{Ly}))
K T
) L
5 Z M dt (By the Lipschitzness of k-th order ﬁow)
o Tt i

S6 mkax{ Ly}
Finally, we extend the log covering number to the loss function class S(D) by setting
e, = Qe m]?x{Lk}).
This gives

log A (€}, S(D), [[llup) < log N (e, T2, | - ). (By (E:3)
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Therefore,

log N (€,, S(D); ||l sop)
< logN(ee, To™", || - o)
108? (nL) 2 [16d+16 —~16d—12

S 2 (By (E.2))
1 L
=0 (—Og((?);r) D? [16d+16,—16d—12 mgx{Li}) . (By the definition of (f)
6C
Finally, we substitute I = O(y/log N) and e = N7 > 0. This completes the proof. U

Generalization Bound. Based on covering number bounds results in Lemma E.2, we now analyze
the upper bound of generalization error |E(,,yn | [Rizmne (@) — Rirunc(@)] ’

Lemma E.3 (Generalization Bound on K Order Flow Matching Risk). For e, > 0, let N :=
N(e.,S(D), || |lsop) be the covering number of function class of loss S(D) following Lemma E.2.
Let © be the collection of parameters of transformers trained by optimizing Lcpy(©) following
Definition E.1 with i.i.d training samples {x;}! ;. Then we bound the generalization error:

. I}En [RtI?mC(@) o ﬁ}gmnc(@)] S ﬁ%runc(@) + O( 10g/\/+ Ec)

Proof. Let %Y € T;**" be the approximator of the k-th velocity field u* obtained from minimiz-
ing the high-order empirical conditional flow matching loss:

0 0
B= LS e [ B 06+ oK) -
to

i=1 k=1

Further, we define

Tunc (75 1 g
R (@) = / E [[Ju*(z,t) — u*(z,8)[5]1{[lz]l« < D}dt,
0 Jtg T~pt

and
rfé};ﬁrunc (ak,@ )

I 1 r i .
::gZT_tO/ Bt o) KL, a1 < )
3 to

0 0
“Z t/ B M B, + oM Xy — (X, )2t - 1|z ] < D}
i ), x

39



Since every network configurations and log covering number are identical across all K order
velocity fields from Theorem 4.1 and Lemma E.2, for any k € [K ], Lemma L.5 extends to

~ EN N 1 N 1
E [R?unc(ukﬁ) . R‘]ﬁfrunc(uk,e)] <> E [R?unc<uk,9)] + O(— 10g./\[+ Ec)-
{wi} iy 2 {mitin n
Therefore,
E [R}zcrunc(@) _ zfé?un(ﬁ(é)]‘
{zi}i,
K
< Z E [R}j“nc(a’“ﬁ) — Rzrunc(ak’e)] (By the triangle inequality)

{mi}i,y

k=1

1 1
3 . E ['Rzrunc(ﬁk’e)] +O(=log N +¢.) (By LemmaL.5)
x; n

=1

A
]~

1

DN —
. Il

~ 1
B [RE™(O)] +O0( log N + ).

This implies

~ - ~ 1
{ I}% [Rzrun(:(@)] <2. 'RZrunc(@) -+ O(g log/\/ + ec),

Finally, we conclude that

~ ~ ~ ~ ~ 1
{ _I}[?’n [R}zgrunc(G) . RZrunc(@)] < RZIHHC(@> + O(E IOgN + Ec)'

This completes the proof. []

E.3 Main Proof of Theorem 4.2

We now present the main proof of Theorem 4.2.

Theorem E.1 (Theorem 4.2 Restated: High-Order Velocity Estimation with Transformer). As-
sume Assumption 4.1 and Assumption 4.2. Let @ € T2*" be the estimator of the k-th order
velocity field u® trained by minimizing the high-order empirical conditional flow matching loss
(3.9). Let © be the collection of parameters of @™ for k € [K]. Suppose the k-th order velocity
field u*(z,t) is Ly Lipschitz forall k = 0, ..., K — 1. Suppose we choose the transformers as in
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Theorem 4.1, then

E [Ri(8)] = O(n 1 - (logn)!™),

{=i}i,
where d is the feature dimension.

Proof of Theorem 4.2. Let {x;}]_ be a different set of i.i.d samples independent of the training
sample {x;} . Further, we use R’ to denote the empirical risk with samples {z}}7_,.

Then, we decompose E,yn [R «(0)] as:

E [Re(®)] = B LB [Ri(®) - ﬁ}?““@)ﬂ/

-~

ey
E [ E [ﬁ/}?unc(g)} . ﬁ%unc(@)}

{zs}ie, L{zi},
NS

(1
v B [REm® -Ra®]+ B [Re®)

-~ -~

(111) (Iv)

Then, we bound each term and incorporate them to obtain the bound on the estimation error.

* Bound on (I) and III. By Lemma E.1, (I) and (III) are upper bounded by
1
(I), (I11) < KD exp (—5021)2) mI?X{Li}.

* Bound on (II). By the generalization error bound (Lemma E.3), we have

(1)
= E [ E [RE™(0)] - RE™(0)]

{zitis, {=ikin,

= {wl][?,n [R;?mc(@) - ﬁt]?unc(é)] (By Remark E.2)
~ ~ 1
< ( I][‘j: [R%unc(@)] +O(=logN +¢.) (By Lemma E.3)
T; ?:1 n
1 1
< (IV) 4 D% exp (—éCQDQ) m’?X{Li} +O(=log N +¢.) (By Lemma E.1)
n

* Bound on (IV). Recall Remark E.1, Remark E.2. We have ﬁK(@) = ECFM(@) —ECFM(ft),
where the collection of parameters of K transformers O is trained by optimizing Lcpm(O).
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Therefore, it holds

~

Ri(©) < Lemm(0©) — Lerm(fr) = Ri(©).

Then, for any velocity estimator O, it holds

WE Re@)] < E [Ric(O)] = Ric(0). (E4)
This implies
(IV) < Rx(©) S N2 (log N) T2, (By Theorem 4.1)
Altogether, the estimation error is upper bounded by
WE [Rx(®)] (E5)

= (I) + (II) + (III) + (IV)
S D™ exp <—%CzD2) +O(l log N + €.) + N2 . (log N) 51,
n >y

(. J/

(,}’1) (”},2)

(T3)

where

1 L
logN =0 (sz)DQN’B(l&Hm) (log N)8d+8> . (By Lemma E.2)
EC

Let v := 16d + 12. Then, we set N := n™/08) ¢, := n™ and D = /(2n3logn)/Cs, where
N1, M2, N3 > 0 are constants satisfying 0 < n; + 21, < 1. This gives

1 e
(T,) = D% exp (—ngDQ) < n B (log n)%.

Further, we have

log N = O(n™ 2% (log n)3%+10),

implying

1
(T2) = O(ﬁ log N + €,) = O(nM+2m=1(log )8d=t10 4 =2,

2The constraint 0 < 71 + 21 < 1is imposed in order to ensure (T5) converges as n — oo.
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Further,

Then, (E.5) becomes
E [R(6)]

S (T1) + (T2) + (Ts)
_ O(nmin{l(eran), e, 2} (log n)SdI-HO)'

For any 7, and 7, satisfying
0<m+2n <1,

we consider solving

. 2
min {1 — (M +2m2), M2, %}

The linear programming problem has simple solution

2
1 — (1 + 2m) =7l2z—m~
v
This gives
ol 2
fry —_—, and fry —_—,
m=016 =16

and n; + 2np € (0, 1)is satisfied for any 7,7, > 0.

Finally, by v = 16d + 12, these free parameters achieves balance and gives
( I]?’ [RK((:))] S O(n_ﬁ - (log n)gd”+10> = O(nffidii9 - (log n)deHO)

This completes the proof.
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F Proof of Theorem 4.3

We now present the main proof of Theorem 4.3.

Theorem F.1 (Theorem 4.3 Restated: High-Order Distribution Estimation under 2-Wasserstein
Distance). Assume Assumption 4.1 and Assumption 4.2. Let PX be the estimated distribution
at time 7". Then, it holds

E [Wo(Pf, Pf)] = O(n % - (logn)*®-),

{=i}7,
where d is the feature dimension.

Proof of Theorem 4.3. We first consider two general ODE functions that describe the ground truth
velocity field and estimated velocity field respectively:

ul (2, t u (2t
d w2 (2l d w2 (21t )
— Y = = t —Y = = t
L _ f(y,t) o _ f(y,t)
u" (z” 1) w2 1)

where the first d rows of y, € RX4 construct 2 € R

According to the existence uniqueness theorem of ODEs, these two functions can induce another
following two corresponding flows ¢(-) € R¥? and ¢?(-) € R¥? defined for ¢ > s that satisfy:

%m,s,w = (6(y,5,0),1), 6(y,5,5) =,

d
Fbe(y, s,t) = /(" (y,s,1),1),  ¢(y,s,5) =v.

We define the first d rows of ¢(-) construct the flow function ¢ (z) and the first d rows of ¢°(-)
construct the flow function ¢?(z). By applying Lemma M.2, it holds that

gbe(yathT) - gb(y:tOvT) = /t D¢6(¢(yvt0a 3)7 S7T)(f6<¢(yat07s)’ 8) - f(gb(y?t()? 5)73)>d3'

We extract the first d rows of left-hand-side and it holds:
T
we(% th T) - w(% tO? T) = / D¢9(¢(y7 th 5)7 S, t))[ d](f9(¢(y7 th 3)7 5) - f(¢(y7 th 3)7 3))d37
to

where D¢’ (¢(y, to, 5), s,))[: d] denotes the first d rows of the Jacobian matrix.

We then bound ¢?(x, to, T') — 1 (z,t9, T) by using similar techniques in proof of Theorem 1.4. It
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shows that

2HDW 6y t0,5),5,)[: dlll

> H ( (y,to, ) 37t))[3 d]”2 (By triangle inequulity)
= ||Du1 e(we(w(l‘, to, 8), S, t)D¢0(¢(y, to, s), s, t))[: d))]2 (By chain rule)
< LTHD¢0<¢(% to, 3), S, t)) [3 d]) HQ (By Lipschitz constant of transf()rmer)

Therefore,

t 1
1D¢? (o(y, to, s), s, [ d))|]2 < exp{/ Lydu} < exp{/ Lydu} =: M. (ByLemmaM.1)
s 0
Now we have

197 (2, t0, T) = 9 (2, t0, T)|3

T
< M2 / <f9<¢(y7 tO? 3)7 S) - f(¢(y7 th S)) S))2d3 (By Lemma M.])
to
T K
= MQ(/ (Z [ (2, to, 5), 5) — u* (Y(2, o, ), ) |2)ds)? (By definition of )
o =1

T K
< M? / (Z ||uk’0 (Y(x, g, 8),s) — uk(l/J(I, to, $), S) ||§)ds (By Cauchy Schwarz inequality)
to p=1

Then, we take expectation with x ~ p?o on both sides

E (14" (z,t0,T) — (@, to, 7))

prtO

K

S M2 Z Eo [/ ||uk’6(@/)($,t0,s), S) - uk@zj(‘r’tO’ S)’ S)“gds]

k=1 prtO to

= M*(T — t))Rk(©). (By definition of higher order risk in Definition 4.2)

Finally, we bound the 2-Wasserstein distance between the estimated and true distributions follow-
ing Section M. By using the definition of the 2-Wasserstein metric, it follows that

WalPEP) < B I0(o-t0.T) = oo to DI S VRK(O)

Then,

JE WP P S \/Ri(6)
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We apply the high-order velocity estimation results in Theorem 4.2

{x}}%@jRK(éﬂ = O(?fﬁ - (log n)Sd”lO),

This implies
E [WQ(ﬁI{(’ PI{()] S E [WVRk(O)] = O(n_m - (log n)4dac+5>'

{oihi CY

This completes the proof.
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G Proof of Theorem 4.4

Recall the Holder density function class and its minimax optimal rate under 2-Wasserstein dis-
tance:

Lemma G.1 (Lemma N.2 Restated: Modified from Theorem 3 of [Niles-Weed and Berthet,
2022]). Consider the task of estimating a probability distribution P(x1) with density function
belonging to the space

P = {q(@1)la(a1) € H([-1,1]*, B),q(a1) > C},

Then, for any » > 1, # > 0 and d, > 2, we have

B+1

inf sup E [W,,(]g, P)] > n~d+28

~

P g(z1)eP {za}i,

where {x;}, is a set of i.i.d samples drawn from distribution P, and P runs over all possible
estimators constructed from the data.

We now give the formal proof of Theorem 4.4.

Theorem G.1 (Theorem 4.4 Restated: Minimax Optimality of High-Order Flow Matching
Transformers). Assume that the target density function satisfies q(x;) € H?([—1,1]%, B) and
q(z1) > C for some constant C'. Then, under the setting of 18d(8+ 1) = d, + 23, the distribution
estimation rate of flow matching transformers presented in Theorem 4.3 matches the minimax
lower bound of Holder distribution class in 2-Wasserstein distance up to a logn and Lipchitz
constants factors.

Proof of Theorem 4.4. Since the bounded support [—1, 1]% guarantees the sub-Gaussian property
in Assumption I.1, the distribution estimation Theorem 4.3 holds under q(z,) € H?([-1,1]%, B):

( I]l?n [WQ(ﬁTa Pr)] < O(n_léd - (log n)ﬁdw)‘

Then, by Lemma N.2, the distribution rates matches the minimax lower bound up to a logn and
Lipschitz constant factors under the setting

18d(6 + 1) = d, + 28

This completes the proof. []
Remark G.1. Since d, = d - L, the condition 18d(/ + 1) = d,, + 20 implies

d(183+18 — L) =28 and B(18d —2) = d(L — 18),
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the transformesr achieve minimax optimal rate with reshape layer such that 18 < [ < 185 + 18.
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H Preliminaries: Universal Approximation of Transformers

Prior works [Hu et al., 2025a, 2024, Kajitsuka and Sato, 2023, Yun et al., 2019] develop the
universal approximation of transformers for continuous functions. Here we revisit these methods
to establish a foundation for our analysis of k-th order flow matching transformers. Specifically,
we revisit (i) the ability of the transformer function class (defined in Section B) to approximate
any continuous function on a compact domain with arbitrary error, (ii) the parameter norm bounds
required to achieve the universal approximation. Notably, controlling the magnitude of these norm
bounds is essential for subsequent analysis on the velocity estimation error and distribution error.

Background: Contextual Mapping. Recall the reshape layer Definition B.3. Let Z € R9*F
represent input embeddings. where Z. ;, € R denotes the k-th token (column) of each Z sequence.
Further, given M embeddings ZW, ..., ZM) ¢ R™>E | we say Z( is the i-th sequence for
i € [M]. Then, we define the vocabulary corresponding to the i-th sequence at the k-th index in
Definition H.1.

Deﬁnition H.1 (Vocabulary). We define the i-th vocabulary set for i € [M] by V@ =
Uker ) R?, and the whole vocabulary set V is defined by V = Usepn V¥ € R

In line with prior works [Hu et al., 2025a, 2024, Kajitsuka and Sato, 2023, Kim et al., 2022, Yun
et al., 2019], we assume the embeddings separateness to be (Viin, Ymax, 0 )-separated,

Definition H.2 (Tokenwise Separateness). Let Z() ... Z(M) ¢ R?*L be embeddings. Then,
we say Z (1), s 4 (M) are tokenwise (“min, Ymax, 0 )-separated if the following three conditions
hold. .

1. Forany i € [M] and k € [n], HZ(QH > Ymin holds.

2. Foranyi € [M] and k € [n], HZ(i)H < “Ymax holds.

3. For any 1, j an(}k3 l E [n 1fZ @) . 7 Z , then qZ(’) || > 0 holds.
Further, we say Z NYis (v, separated when on y onditions (i1) and (ii1) hold. Also,

if only condition (111) holds, we denote it as (0)-separateness.

Building on the token separateness, we introduce the contextual mapping, that characterizes the
ability of transformers’ self-attention to capture the relationships among tokens across different
sequences. This allows transformers to utilize self-attention for full context representation.

Definition H.3 (Contextual Mapping). Let Z(V, ... Z(M) ¢ R be embeddings. Then, we
say amap T : R™*E — R¥*L js a (v, §)-contextual mapping if the following two conditions hold:
1. Forany i € [M] and k € [L], it holds

IT(ZD).ell < 7.
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2. Forany i,j € [M] and k.l € [L] such that V@ # V) or 2 # 29, it holds

IT(Z D). = T(ZD) 0l > .

We introduce results from [Hu et al., 2025a] in Theorem H.1, which shows that a one-layer single-
head attention mechanism is a contextual mapping.

Helper Lemmas. Before presenting Theorem H.1, we restate several helper lemmas from [Hu
et al., 2025a, Kajitsuka and Sato, 2023] to simplify the proof.

Lemma H.1 (Boltz Preserves Distance, Lemma 1 of [Kajitsuka and Sato, 2023]). Given (v, d)-
tokenwise separated vectors (1), ..., 2™ € R™ with no duplicate entries in each vector:

)
where i € [M] and s,t € [L], s # t. Further, let
0 >4Inn.
Then, the outputs of the Boltzmann operator has the following properties:

|B01tz (z(i))| <7, (H.1)
’Boltz (z(i)) — Boltz (z(j))| > =1n’*(n) - e (H.2)

foralli,j € [M],i # j.

Lemma H.2 (Lemma 13 of [Park et al., 2021]). For any finite subset X C R, there exists at
least one unit vector v € R such that

1 8
W\/Ellx—x’ﬂ < |u' (@ =) < Jla =2,

for any z, 2’ € X.
Lemma H.2 shows the existence of a unit vector u € R that bounds the inner product of the

difference between points in a finite subset X C R?. Next, we restate the construction of rank-p
weight matrices in a self-attention layer following [Hu et al., 2025a] in Lemma H.3.
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Lemma H.3 (Construction of Weight Matrices, Lemma D.2 of [Hu et al.,, 2025a]). Given
(Yamin, Vmax, €)-separated input embeddings Z(), ..., Z(M) ¢ R with finite vocabulary set
V C R% There exists rank-p weight matrices Wy, W € R**? such that

‘(WK%)T (Wove) — (W)™ (Woue)| > 4,

for any § > 0, any min (d,s) > p > 1 and any v,, v, v, € V with v, # v. In addition, the
matrices are constructed as

P p
Wk =Y pg| €R™, Wo =) pig" e R,
=1 j=1

where ¢;,¢, € R? are unit vectors that satisfy Lemma H.2 for at least one 4, and p;, p; € R®
satisfies

5
o/ B =5 (V] +1)* d-

min

Any-Rank Attention is Contextual Mapping. The next lemma shows that the any rank self-
attention mechanisms of transformers serve as contextual mappings (Definition H.3).

Theorem H.1 (Any-Rank Attention is (v, d)-Contextual Mapping, Lemma 2.2 of [Hu et al.,
2025a]). Consider (Vimin, Ymax, €)-tokenwise separated embeddings 2 (1), o d (M) ¢ R4*L and
vocabulary set V = ;o V@O c R Let ZW, ..., ZW) ¢ R be embedding sequences
with no duplicate word token in each sequence; that is, Z:(’ik) #* Z:(j), for any ¢ € [M] and

k,l € [L]. Then, there exists a 1-layer single head attention with weight matrices Wy € R%** and
Wy, Wi, Wo € R¥*4, that is a (v, §)-contextual mapping for embeddings ZW, ..., Z™) with

Y = Ymax + 6/4'7 5 - exp(_5€_1|v|4d’€7max log L))
where k = ’Vmax/f}/min-

We restate the proof of Theorem H.1 since it is crucial for subsequent analysis.

Proof. For completeness, we restate the proof from Lemma 2.2 of [Hu et al., 2025b].

The proof consists of two steps:

* Construct the Softmax Attention. We ensure that different input tokens are mapped to
unique contextual embeddings by configuring the weight matrices in Lemma H.3.

* Handle Identical Tokens in Different Contexts. We show that the construction from
Lemma H.3 are able to handle identical tokens in different contexts by applying Lemma H.1

We proceed the proof with these two steps.
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Step 1: Attention Construction. We show the construction of matrices: Wy, W, Wo and Wy,.

» Weight Matrices Wy and WW,. First, we construct Wy and W, by:
p p
Wi =Y pg| R Wo = pig e R,
i=1 j=1

where p;, p; € R® and ¢;, ¢j € R?. In addition, let § = 4Inn and py, pj € R® be an arbitrary
vector pair that satisfies

o
i = (VI +1)*d— (H.3)
« Weight Matrices W and Wy. Next, we construct Wy € R?** and Wy, € R**¢ by:
p
WV — Zp;/q;/‘l’ e RSXd, (H.4)
i=1
where ¢ € R?, ¢ = ¢ and p! € R*® is some nonzero vector that satisfies
/! €
IWopill = 5 : (H.5)
This can be accomplished, e.g., Wo = >0 p!p! T for any vector P! which satisfies
1P|l = €/ (49 Ymas |2 ||*) for any i € [o].
For simplicity, we define sf, := Softmax [(WKZ ®)" (WQZ(;))] .
Then, we combine the above weights construction and obtain
[Wo (Wi 2) Softmasx | (W 2) " (Woz)) || (HL.6)
L
= || Z Sl,i/Wo (WVZ(z)) I (By the definition of sf,)
k=1
L
< Z HSQ/WO (WVZ(i)) || (By triangle inequality)
k=1
< max [|[Wo (Wy 27) || (By Xpoy sk =1)
k'€[L] '
€ T (i
< T lgnea[mzc]‘ Z:’k), (By (H.4) and (H.5))
< 1 fnax . lglea[z(] ‘Z:(,ik)’ (By Lemma H.2)
< Zfl (By the (Ymin, Ymax; €) separateness)
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fori € [M]and k € [L].

Step 2: The Case of Identical Tokens in Different Contexts. For the second part, we show that
with the contructed weight matrices Wo, Wy, Wi, W, the attention layer distinguishes duplicate

input tokens with different context, Z:(’i) = Z:(j ) with different vocabulary sets V@ £ V),
We define o, o) as

o) = (W z9)" (WQZZEQ) eR", ) = (WxzD)' (WQZ:{;')) e R",
where a) and a7 are tokenwise (, §)-separated. Specifically, the following inequality holds

i 1)
0l < (V] + 1) d——A2,.

min

Since V) # V1) and there is no duplicate token in Z® and Z/), we use Lemma H.1 and obtain
|B01tz (a(i)) — Boltz (a(j))|
= ‘(a(i))T Softmax [a(i)] — (a(j))T Softmax [a(j)] ‘ H.7)
>0’

= (Inn)%e 2.

Additionally, using Lemma H.3 and (H.3), and assuming Z:(fk) =7 G ), we have

‘(a(i))T Softmax [a(i)} — (a(j))T Softmax [a(j)} ’ (H.8)

ird_o

8 min

p
< Z’Ymax (V] +1) (g Z9) Softmax [a®] — (¢ Z9) Softmax [a?]].
i=1

By combining (H.7) and (H.8), we have

P
. ; . , o €Ymin
; ‘(qiTZ( )) Softmax [a( )] — (qiTZ(j)) Softmax [a(J)] | > (V4 1) @ (H.9)

Finally, using (H.5) and (H.9). we derive the lower bound of the difference between the self-
attention outputs of Z Z0U) as follows:

, . o' €Ymi
FON (70) SN (700) | € —_—,

where § = 41n L and &' = In?*(L)e 2" with v = (|V| + 1)* d672,../ (€Ymin)-
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This completes the proof. [

Notably, Theorem H.1 shows that, for identical embeddings Z:(fk) = Z:(j ) with distinct vocabularies

V@ £ VY0 any-rank self-attention is able to distinguish two identical tokens in distinct contexts.

Universal Approximation of Transformer. We introduce the universal approximation result for
transformers with a single self-attention layer from [Hu et al., 2025a, Kajitsuka and Sato, 2023].
Theorem H.2 (Transformer Universal Approximation, Theorem B.1 of [Hu et al., 2025a] and
Proposition 1 of [Kajitsuka and Sato, 2023]). Lete € (0,1) and p € [1, 00). Let FFF), F{FF)
and F4) be two feed-forward layers and a single-head self-attention layer with softmax function
(Definition B.2). Then, for any permuation equivarait, continuous function f on a bounded domain
and any e, there exists a g(Z) = Fi' ) o FOY o FFF (7 ¢ TH*" such that d,(f(Z), g(Z)) < e,
where d, = ([ || f(Z) — g(Z)||§dZ)1/T’, and || - ||, is the element-wise £,-norm.

Proof. Since the universal approximation of transformer over any bounded domain differs only by
scaling and shifting the transformer’s parameters in ]—"1(FF) and }"Q(FF), Hu et al. [2025a], Kajitsuka
and Sato [2023] prove Theorem H.2 assuming that the target function f is normalized on domain
[0, 1]**F for simplicity. To support subsequent derivations of transformer parameter bounds re-
quired for achieving e-precision (Lemma H.4), we provide the proof on a more general bounded
domains.

The proof consists of three steps: (i) Quantization by the First Feed-Forward Layer (ii) Contextual
Mapping by the Self-Attention Layer (iii) Memorization by the Second Feed-Forward Layer.

Let Q := [—1, I]**L be the domain of f. Without loss of generality, we consider / € N.

* First Step Quantization. First, we define a grid Gp:

Gp = {CeQ|Ot7k:—I+%k,st7k:1,...,21D}, (H.10)

where D > 0 is the granularity of Gp.
Then, for Z € €, we construct a piece-wise constant function approximator:

01(Z) =Y [(O)1{Z € C+[-1/D,0)""} (H.11)

CeGp

By the uniform continuity of f, for any € > 0, there exist a D such that

dp(F(2),9:(2)) < /3. (H.12)

Then, we use a transformer to approximate g;(Z) using two feed forward layers and one
self-attention layer: Fi¥ o F54 o FF¥(Z). Next, we introduce the quantization function:
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1. Quantization Function. We define the quantization function quant,, : R — R:

—1 z< =1
—I+1/D —-I<z<-I+1/D
quantp,(z) = q . .

I I-1/D< z.

By symmetry, we extend the quantization to quant®>“(Z) : R>*E — R¥*E| where
quantp(z) is applied to every coordinates of Z. Then, by shifting and stacking step
functions [Yun et al., 2019], we use network f;(z) to approximate quant,(z)

1(D-1)
fi(2) = —T+ Z ReLU [z/§ —t/6D] —ZP){eLU [2/0 —1—1/dD)] ~ quantp(2).
t=—ID

(H.13)

Within €, the quantization quant%*“(z) outputs regions identical to C'+[—1/D, 0)4**
defined by the indicator function in (H.11). For z € R\ [—1, I], we set the output to
zero by adding and subtracting the first and last step functions scaled by I:

IP(2) = fi(2) = I+ (ReLU [2/6 — 1/0] = ReLU[2/6 — 1~ /0] )
41 (ReLU [—2/6 — 1/6] — ReLU[~2/5 — 1 — 1/6] ) (H.14)

Then, f{¥(z) quanitzes [—1, I]into {—I+1/D, ..., I} by taking sufficiently small 4.
2. Penalty Function. We define the penalty function penalty : R — R

-1 z2< -1
penalty(z) =<0  z¢€ (=1I,]] (H.15)
-1 Z>1

By taking sufficiently small §, we approximate penalty(z) by

>+ (2) ~ penalty ™ (2),

where

SF =ReLU|[(z —I)/§] — ReLU[(z — 1)/ + 1] (H.16)
+ReLU[(—z—1)/6] = ReLU[(—z —I)/d + 1].
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Altogether, we define g,(7) : R¥*L — Rd*L

(quanthXL(Z) + [)

d L
Z)= 1ty (Zix); H.1
9(2) 57 +;;penaty( k) (H.17)

That is, the first term of go(Z) quantizes [—1I, I]**L into Gp (H.10), and then map it to
a normalized grid G$, C [0, 1]9*L. Specifically, G, is a grid with granularity 27D and
|G%| = 21D. On top of that, the second term of ¢g»(Z) ensures non-positive outputs for any
7 € R™L\ [—1,1]%*L. We then use the first feed-forward layer 1Y, constructed by fi*
and fXF, to approximate g,(7).

Second Step Contextual Mapping. Let G, C G$, denote the sub-grid on [0, 1]4*L:

Gp = {G € G| forall k,1 € [L],G.;, # G:,z}-

By the construction of G, the sub-grid G p 1s a collection of grids with pairwise distinct
tokens, and every G € Gp represents a token-wise ((2/.D)~, v/d, (21 D)~!)-separated
sequence.

From the construction of F®&4) in (H.6), we have:

IFEV(Z) .0 = Zell < max || Zx

4\/_Dk’

Recall that every entry in 71 ¥ (Z) lies within [0, 1]. Therefore, by sufficiently large D, we
have:

1
FOA o FFF (7 Jur < gp forall teld kel

forall Z € R>L\ [0, 1]9¢L. Also, for Z € [0, 1]%*L, we have
3
FON o FF¥F (7)1 > op forall teld kelL]

Third Step~Mem0rization. We construct a bump function of scale Rpr > 0 that maps
every C' € Gp toits label f(G), and sends any sequence that lies component-wise below
the threshold 1/(4D) to zero. We achieve this with the second feed-forward layer Fi ¥,

Specifically, for each reference sequence C' € Gp we define a bump function:

d L
Z > (ReLU [Rep(Zes — Cig) — 1] (H.18)

t=1 k=1

— ReLU [RFF(ZM — Cyr)] + ReLU [Rypp(Zy s — Cri) + 1]).

bump(Z) =

Summing (H.18) over all C' € G5, yields the overall map F, .



Choosing the quantization step d > 0 sufficiently small, we obtain

dy (F3™ 0 FON o FIM FM 0 FiN 0 gy) < 2. (H.19)
Choosing the granularity D sufficiently large, |Gp \ G D‘ is negligible. Therefore,
dy(F5Fo FoY o gy, g1) < 2. (H.20)

Finally, combining the step-function estimate (H.12) with (H.19) and (H.20), we have:

ay(FE o FSN o FIT f) < e

This completes the proof. ]

Remark H.1. We remark that we achieve Theorem H.2 using 2 FFN layers and g € 7—}%’1”,

where = O(I D). Further, by Definition B.2, 7’}%’1” belongs to our transformer network class.

Parameter Norm Bounds for Transformer Approximation. Next lemma provides matrices
norm bounds required to achieve the universal approximation of transformer with any error .

Lemma H.4 (Transformer Matrices Bounds, Modified from Lemma F.4 and Lemma E.5 of [Hu
etal., 2025b]). Lete € (0,1). Let Z € [—1I, I]**L be an input sequence, where I is an absolute
positive constant and L > 2. Let f(Z) : [—1, []**f — R be any Lipchitz continuous function
with respect to some norm dy. Then, for g € 7}?"“8 that approximates f within € precision, i.e.,
dy (f,g) < €, the parameter bounds in the transformer network class follow:

Ckq, Cy = O(I"*?e*72); Cov, Coy’ = O(e);
Cr,C3* = O(Ie " -max ||f(Z)|r); Cr = O(1),

where O(-) hides polynomial and logarithmic factors depending on d and L.

Proof. Hu et al. [2025b] provide similar parameter bounds for the universal approximation
of transformers on domain [0, 1]9*L. We specify these bounds for approximation on domain
[_ I, I]dXL

Recall the construction of transformer layers in the proof of Theorem H.2. We achieve the univer-
sal approximation by choosing “sufficiently large” granularity D, “sufficiently small” ¢ in (H.13)
and “sufficiently large” scale of the bump function Rgp in (H.18).

To prove Lemma H.4, we first identify the order of §, D and Rpp in terms €. Then, we derive norm
bounds on matrices in two feed-forward layers 71 ¥, FiF, and the self attention layer >4,

Bound on ¢. Recall the approximation of quantization function in (H.13). In each step function,
we have extra partition (1/D, 1/D + 0). Therefore, it suffices to take § = o(1/D).
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Bound on the Granularity D. Recall the contextual mapping step in the proof of Theorem H.2.
The total omitted duplicated points in the grid GY, are ‘G‘j:, \ G D) = |D*d - (2ID)

Gp C G?Y, is the sub-grid consisting of sequences with non-duplicated tokens. Further, by the
extreme value theorem, || f|[> < By for a constant By > 0. Then, the difference between the
target function f and the piece-wise constant approximator g; with granularity D is bounded by

/ 1£(2) - (2)l}az)"

= O((D~(ID)™ - Br(1/D)™) )

= O(D~P. i),
For p € [1, 00), we have that e = O(D~%?. [4F), This implies D = O(e?/¢.[~1/P), Without loss
of generality, we drop /~%/? € (0, 1) and drop the constant p. Then, we have that D = O(e~/%).
Next, recall the piece-wise constant approximation (H.10), (H.11) and (H.12).

For Lipchitz continuous target function f, there exist a grid Gp on domain [—1, I]%*% such that
dp(f(2),91(2)) < Ly Z = Z'|a < Ly||Z = Z'||p < VdLLy/D,

where Z' € Gp and Ly is the Lipchitz constant with respect to the matrix 2-norm. Therefore, it
suffices to take € = v/dLL;/D. Altogether, we take D = O(e™') such that Theorem H.2 holds.

Bound on the Scale Rpp. Let S, = Z; ), — C, ;. Recall (H.18). To obtain the correct labeling,
we ensure that the following identity holds:

d L
> ) ReLU [RypSyy — 1] — ReLU [RppS; i) + ReLU [Rpp Sy + 1] = dL. (H.21)
k=

t=1 1

To achieve this, S;x = Zix — Cix € (0,1/Rpp) needs to holds for all t € [d] and k € [L].
Therefore, we set Rpp to be sufficiently large such that (H.21) holds under the condition that
Six € (0,1/Rpp) only if Z; is associated with its corresponding grid point C; . Since every
C} i, is defined on the normalized grid G9, with granularity 2D1, it suffices to take Rpr = O(DI).

Next, we derive the norm bounds on weight matrices.

« Bounds on W, and Wy in 752, For the self-attention layer, we denote the separatedness
of the input tokens by (Vmin, Ymax, €s) and the separatedness of the output tokens by (7, ;).
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Recall Theorem H.1. We construct rank p matrix I and Wy in the self-attention layer by
P p
Wi =Y pg| R Wy = pig" e R,

with the identity p; p} = (|V| + 1)*dd,/(€sVmin)- Then, the bounds on Wy follows

5|V
Wikall < IWicqlle = 107 Wollr = 0 221,
B 5,V
Wiallaoe = (W) Wollaoo = O( ).

We identify the order of each terms. Recall the first step quantization (H.13). We have total
(D)% input that are token-wise ((21D)~',v/d, (2ID)~")-separated.

Further, since there are at most DI possible values that each entry can take, we have vocab-
ulary |V| = O((DI)?) and Yy, €s = (2DI)~!. Further, from the proof of the second step
contextual mapping in Theorem H.1, we construct the self-attention such that o, = 4log L.
Finally, by D = O(e ') the bounds on Wy, follows

[Wiqllz < Ckg = O(e 72 - I'*2); [[Wiglla,e0 < C'f(g) = O(e 72 [+,

Bounds on Wy, and Wy in 754, From the proof of contextual mapping of self-attention
Theorem H.1, we have

p
WV _ Zpg/q;ﬁ e Rsxd; Zp/// //T c Rdxs

with the identity ||p!|| < €s/(4pYmax||P}]|) from (H.5), and p; € R® is any nonzero vector.
With the (Ymin = 1/D, Ymax = Vd, €, = 1/D) separateness and D = O(e!), we have

Wy lls = sup [[Wyzll, < Cyv = O (yp) = O (ﬁz) ,

lz]l,=1
W ll2.00 = max [[(Wy )2 < Yy = O(P) =0(d),
[Woll2 = ﬁ‘ﬁ? HWovaz <Co=0 (VP P Ymax - €5) = O (d7'¢)

Wollao = max [(Wo)iolls < C™ =0 (557" 2 ) = O (d19).
Therefore,

Wovll2 = [WoWvy |2 < Cov = 0(€);  [Wov |z = [WoWy |20 < Cape = O(e).
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Bounds on W, and W5 in FI'F Recall (H.13) and (H.14). We have:
FE() = fi(2) — 1 - (ReLU (/6 — 1/6] — ReLU [2/6 — 1 — 1/0] )
41 (ReLU [—2/6 — 1/6] —ReLU[—2/6 — 1 — 1/0] )

where

1(D—1

"ReLU[2/6 — t/6D] — ReLU [2/6 — 1 — t/6D
3 [2/6 —t/0D] . 2/ / ]7

f1<2) = —I+

t=—ID

and

>F:=ReLU[(z — I)/6] —ReLU[(z — I)/6 + 1]
+ReLU[(—z —1)/8] —ReLU[(—z — I)/6 +1].

Then, for any ¢ € [d] and k € [L], we approximate each entry of g,(Z) in (H.17) by

d L
Fi(Zw) = 57 +ZZf2FF(Zt,k)-
Therefore, each element in 1 and W are bounded by 1/6 > 1 and I > 1 respectively.
Then, by 6 = 0o(1/D) and D = O(e™!), we have
max{[[Wil2, [[Wall2} < C% = O(e™); max{|[Wilz0, [[Wallzc} < C5> = O(e™).

Bounds on W, and W, in FiT¥. Recall the construction of bump function (H.18). The
second feed-forward layer maps each coordinate of the input embedding by

L
bumpp(Z) = W S° S (ReLU [Ree(Zi — Cr) — 1
t=1 k=1

— ReLU [Rpp(Zip — Cip)] + ReLU [Rpp(Zip — Cii) +1]).

Therefore, each element in W, and W, are bounded by Rgr and f(C') respectively, where
C'is a point on the normalized grid G7, with granularity 2D defined in (H.10).
Then, by Rpp = O(DI) and D = O(e™ '), we have

max{||[Wilz, [Wallz} < Cp = O™ - max | f][r),
max{||Willzec, [[Wallzoc} < C5™ = O(Ie™" - max || f ).

where Q0 = [—1, I]**F is the domain of the target function f.
Bounds on Positional Encoding Matrix £. By [Kajitsuka and Sato, 2023, Corollary 2], it
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suffices to set the positional encoding as:

2’7max 4’Ymax 2L’7max
E=] : S :

2’}/max 47max e 2[/)/max

Since the {5 norm over every row is identical, we have

HETHQ,OO _ (ZL:(%%H&X)Q) 2 _ (4%%1%1)([1 + 1)6(2L + 1))2 Y (VmaXL%> |

i=1
Recall that we have the relation v, = v/d in the self-attention layer. Therefore,
12|, ., < Cp =O(@2L72).

Further dropping the polynomial factors depending on d and L, we have Cr = O(1).
This completes the proof.
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I Statistical Rates of Flow Matching Transformers (FMTSs)

In this section, we present statistical rates for the first order flow, i.e., the velocity field, u,(z).

Specifically, we consider the target density function ¢ (x) in the Holder space (Definition I.1) with
sub-Gaussian property. Then, we bound the approximation and estimation error for u,(x). Further,
we extend these results to derive distribution estimation rates under the 2-Wasserstein distance.
Compared to high-order flow matching statistical rates Section 4, we remove the requirement of
Lipschitz continuousness of the velocity field u;(z).

Organizations. Section .1 presents velocity approximation under a generic Holder smoothness
assumption. Section [.2 adopts a stronger Holder smoothness assumption; this yields tighter ap-
proximation error bounds toward minimax optimality in velocity estimation. Section 1.3 utilizes
these approximation results to develop velocity estimation bounds and distribution estimation
rates. Finally, Section 1.4 establishes the nearly minimax optimality of flow matching transform-
ers.

I.1 Velocity Approximation: Generic Holder Smooth Data Distributions

Establishing our statistical theory begins with approximating the velocity using transformers. We
present the corresponding velocity approximation theory under the Holder smoothness assumption
on the initial data [Fu et al., 2024]. This theory ensures our approximation rate adaptive to the
initial data’s smoothness. First, we restate the definition of Holder space and Holder ball.

Definition I.1 (Definition 4.1 Restated: Holder Space). Let o € Z%, and let 8 = k; + 7 denote
the smoothness parameter, where k; = |3] and v € [0,1). For a function f : R? — R, the
Holder space H’(RY) is defined as the set of a-differentiable functions satisfying: H’(RY) =
{f R = R || fllusra) < oo}, where the Holder norm || f||35ra) satisfies:

0°f (x) — 0°f(a')]
fllgsmay = max sup|0®f(z)|+ max sup .
£ 1345 ey o max, su 0% f ()] i)y pegmp

Also, we define the Holder ball of radius B by H°(R%, B) :== {f : R = R | || f|lnsra) < B} .

Before presenting the main result of velocity approximation, we state our two assumptions: (i) the
Generic Holder Smooth assumption on the target distribution ¢(x1). (ii) the regularity assumption
on the first derivative of path coefficients. In particular, (i) and (ii) are the counterparts of Assump-
tion 4.1 and Assumption 4.2 in the K order flow matching framework (Section 4) respectively.
Notably, we remove the Lipschitzness assumption via a more fine-grained analysis on the velocity
field u,(z).

Assumption 1.1 (Generic Holder Smooth Data). The density function ¢(x;) belongs to Holder
ball of radius B > 0 with Holder index 3 > 0 (Definition 4.1), denoted by ¢(z;) € H’(R%, B).
Also, there exist constant Cy, Cy > 0 such that g(z1) < Cy exp(—Ca||z; ||§/2)
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Assumption 1.2 (Path Regularity). Consider the affine conditional flow ¢;(z|z1) = w1 + 0.
The first-derivative of path coefficients ; and &, are continuous on [ty, T'], where to, 7" € (0, 1).

Remark I.1. We remark that such path assumption is general and applies to a number of com-
mon scenarios. For instance, Lipman et al. [2024] present: (i) the conditional optimal transport
schedule: v (z|x;) = tzy + (1 — t)z, (ii) the polynomial schedule: ¢;(x|z,) = t"x; + (1 — t")x,
(iii) the linear variance preserving schedule: vy (x|x;) = tx; + v/1 — t2x. These cases satisfy
Assumption 1.2.

We now present the velocity approximation for flow matching transformers.

Theorem I.1 (Velocity Approximation with Transformers under Generic Holder Smoothness).
Assume Assumption I.1 and Assumption [.2. For any precision parameter 0 < ¢ < 1 and
smoothness parameter 5 > 0, let ¢ < O(N *5) for some N € N. Then, for all t € [ty, 7]
with to, T € (0, 1), there exists a transformer ugy(z,t) € 7}?’5”" such that

T
/ / Jue(z) — ol )] - p(z) dedt = O (BN~ - (log N)*++1)
to Rdz

Let d be the feature dimension and L be the sequence length defined by the flow matching reshape
layer in Definition B.3. Then, the parameter bounds in transformer network 7}?’” satisfy

Cka, Cry = O(N¥*#(log N)**+?); Coy, Coy’ = O(N7);

de+8

Cr,C2® = O(N?(log N) 2 t1); Cp = 0(1); Cr = O(\/log N).

where O(-) hides all polynomial factors depending on d, d, L, 3, Cy, Cs.

Proof Sketch. We adopt the following strategy:

* Step 1: Approximation on a Compact Domain via Transformer Universality. To reflect
the Holder smoothness of the target density ¢(z;), we begin by applying a multivariate
Taylor expansion to construct a compactly supported approximation of velocity field w;(x).
We then approximate this function on a compact domain using the universal approximation
of transformers.

* Step 2: Extension to the Full Domain via Sub-Gaussian Tails. We exploit the sub-
Gaussian tail behavior of the target distribution to control the approximation error outside
the compact region. Combining the errors from both regions yields the final approximation
rate for the velocity field.

Please see Section J for a detailed proof. O]

I.2 Velocity Approximation: Stronger Holder Smooth Data Distributions

We obtain tighter velocity approximation rates than Section [.1 by imposing stronger Holder
smoothness assumption on the target distribution ¢(z1).
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Assumption 1.3 (Stronger Holder Smooth Data). Let C, C; and C5 be positive constants. The
density function satisfies q(z;) = exp(—C||z1/[3/2) - f(z1), where f belongs to Holder space
f(x1) € HP(R% B) (Definition 4.1) and satisfies C; > f(x;) > C for all ;.

The density lower bound prevents f(z) from taking small values, ensuring well-conditioned ap-
proximation. Without this bound, small values of f(z) require a chosen threshold to maintain
uniform approximation. A positive lower bound eliminates the need for such adjustments, keep-
ing the approximation error controlled across the domain and enabling efficient convergence.

Assuming Assumption I.3, we derive the velocity approximation for flow matching transformers.

Theorem 1.2 (Velocity Approximation with Transformers under Stronger Holder Smoothness).
Assume Assumption 1.3 and Assumption [.2. For any precision parameter 0 < € < 1 and
smoothness parameter 5 > 0, let ¢ < O(N _ﬂ) for some N € N. Then, for all t € [ty, 7]
with to, T' € (0, 1), there exists a transformer ug(z, ) € T;"*" such that

T
/ / us(z) — ug(x, ) ||3 - po(a)dzdt = O (BEN -2 (log N)%+7) |
to JRdz

Further, the parameter bounds in the transformer network class follows Theorem I.1.

Proof Sketch. The proof strategy closely follows Theorem I.1:

» Step 0: Velocity Decomposition. We invoke Assumption [.3 to decompose the velocity
field into a target function that is lower bounded. This step mitigates the influence of low-
density regions and enables a more refined approximation analysis, in contrast to the setting
under Assumption I.1.

» Step 1: Approximation with Transformer Universality on Compact Domain. To cap-
ture the Holder regularity of the target density ¢(z;), we construct a compactly supported
function as an intermediary to approximate the velocity field u;(z) using multivariate Taylor
expansion. We then apply the universal approximation of transformers to approximate the
constructed function.

* Step 2: Full Domain Approximation. We extend the approximation to the full space by
leveraging the sub-Gaussian tail behavior, ensuring that the error outside the compact region
remains controlled. Then, we incorporate all errors terms to achieve the final approximation
rates for u ().

Please see Section K for a detailed proof. [

I.3 Velocity Estimation and Distribution Estimation

In this section, we study the statistical estimation problems and develop sample complexity results
based on the established approximation results in Section I.1 and Section 1.2. Specifically, we
present the estimation error bound of flow matching transformers in Theorem [.3. Applying the
velocity estimation rates, we further study the distribution estimation in Theorem [.4.
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Velocity Estimation Building on the transformer-based velocity approximation, we evaluate the
performance of the velocity estimator uy trained with i.i.d. data points {z;} ; by optimizing the
empirical loss (2.12). To quantify this, we define flow matching risk:

Definition 1.2 (Flow Matching Risk). Let ¢ be the target distribution and X; ~ ¢. Given a
velocity estimator ug, we define the flow matching risk R(uy) as the expectation of the mean-
squared difference between the 1y and the ground truth u,:

1 T
Rius) i= 7= | B [lualerst) — ua(oo) [}
1 t~Pt

where marginal probability path p, and marginal velocity field u; are induced by affine conditional
flow oy (x|z1) = ey + oy follows (2.2), (2.3), (2.5) and (2.6).

Let wy be the trained velocity estimator with i.i.d samples {x;}"_ ;. Then the following theorem
presents upper bounds on the expectation of R (uy) w.r.t training samples {z;}"_, where z; ~ q.

Theorem L.3 (Velocity Estimation with Transformer). Let d be the feature dimension. Suppose
we choose the transformers as in Theorem I.1 and Theorem .2 correspondingly, then we have
* Assume Assumption I.1 and Assumption 1.2. Then,

( I}E [R(ug)] = O(n_ﬁm(log n)20d1+45+20).
Tifi g

* Assume Assumption I.2 and Assumption 1.3. Then,

( I}E:’n [R(tp)] = O(n~ 575 (log n)20d=+45+20),

Proof Sketch. Recall (2.12) from Section 2. We obtain the velocity estimator Uy (x, t) € T,"*" by
minimizing the empirical conditional flow matching loss:

ECFM (up) Z/O . XONN - [ug(pw; + 00 Xo, ) — (fiex; + 6, X0)[3)-

To derive the estimation error, we adopt a standard strategy in empirical process theory. This
involves bounding the generalization gap between empirical and true risk using covering number
techniques:

» Step 1: Domain Truncation for Risk Control. We truncate the domain of the flow match-
ing risk and the flow matching loss to ensure the transformer network has a finite cover-
ing number. We then control the error outside of the truncated domain by using the sub-
Gaussian tail bound.

» Step 2: Analysis on the Complexity of the Transformer Network Class via Covering
Number. Using the norm bounds on transformer parameters from Section 1.2, we derive an
upper bound on the covering number of the transformer networkfunction class. This cap-
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tures the model complexity required to achieve a desired approximation rate on the compact
domain.

* Step 3: Final True Risk Upper Bound. We apply the covering number bound to con-
trol the deviation between the empirical risk and the true risk. Lastly, we incorporate all
sources of error from previous steps to derive the final estimation rate for the learned veloc-
ity field g(z,t) € To>" via the minimization of the empirical conditional flow matching
loss ZCFM(ug) in (2.12).

Please see Section L for a detailed proof. [

Distribution Estimation. Next, we analyze the distribution estimation rate for the velocity
estimator uy through the 2-Wasserstein distance between estimated and true distributions. Based
on the velocity estimation results in Section [.3, the next theorem presents upper bounds on the
2-Wasserstein distance between the target distribution and the estimated distribution induced by
the velocity estimator gy trained from optimizing the empirical conditional loss (2.12).

Theorem 1.4 (Distribution Estimation under 2-Wasserstein Distance). Let ]3T denote the esti-
mated distribution at time 7. Let d be the feature dimension.
* Assume Assumption I.1 and Assumption 1.2. It holds

E, [Wa(Pr, Pr)] = O(n™ 5 (log m) *=+27+10),

* Assume Assumption [.2 and Assumption [.3. It holds

E [WZ(ﬁT; Pr)] = O(n’M(IOg n)10d=+26+10),

{zi}i,

Proof Sketch. We derive the distribution estimation rate under the 2-Wasserstein distance by re-
lating it to the velocity estimation error through the flow dynamics. Our proof follows three steps:

* Step 1: Flow Deviation via Alekseev—Grobner Lemma. We apply the Alekseev—Grobner
lemma (Lemma M.2) to bound the deviation between the learned flow 1)y and the true flow
1 in terms of the difference between the estimated velocity gy (x, t) and true velocity fields
().

* Step 2: Bounding the Jacobian via Gronwall’s Inequality. The flow deviation bound
given by the Alekseev—Grobner lemma involves the Jacobian matrix Dy. To ensure the
deviation remains controlled over time, we use Gronwall’s inequality (Lemma M.1) along
with the Lipschitz continuity of the network to upper bound the Jacobian norm by an expo-
nential function.

» Step 3: From Velocity Error to Wasserstein Distance. We integrate the velocity error
over time and apply the definition of the 2-Wasserstein metric to relate the flow deviation
to Wg(ﬁT, Pr). Substituting the velocity estimation error from Theorem 1.3 then gives the
final convergence rate.

Please see Section M for a detailed proof. [
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.4 Minimax Optimal Estimation

In Theorem 1.4, we present a fine-grained analysis of distribution estimation. In this section, we
further show that the derived estimation rates match the minimax lower bounds in Holder space
under the 2-Wasserstein metric in specific setting. We begin by recalling the minimax optimal rate
for distribution estimation over Holder smooth function classes.

Lemma I.1 (Modified from Theorem 3 of [Niles-Weed and Berthet, 2022]). Consider the task
of estimating a probability distribution P(x;) with density belonging to the space

P = {q(z1)|q(z1) € H([-1,1]%, B), q(x1) > C},

Then, for any r > 1, # > 0 and d, > 2, we have

inf sup  E [W,(P,P)| 2 n wim,
P q(z1)eP {mitie,

where {z;}"_; is a set of i.i.d samples drawn from distribution P, and P runs over all possible
estimators constructed from the data.

Proof. Please see Section N for a detailed proof. ]
We show flow matching transformers match the minimax optimal rate under specific conditions.

Theorem I.5 (Minimax Optimality of Flow Matching Transformers). Under the setting of
(16d + 18)(5 + 1) = d, + 20, the distribution estimation rate of flow matching transformers
(Theorem I.4) matches the minimax lower bound of Holder distribution class in 2-Wasserstein
distance up to a log n and Lipschitz constants factors.

Proof. Please see Section N for a detailed proof. O]
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J Proof of Theorem 1.1

In this section, we use transformers to approximate velocity and give an upper bound of the ve-
locity approximation error. We prove Theorem 1.1 following the three steps shown in the proof
sketch.

Organizations. Section J.1 introduces auxiliary lemmas. Section J.2 establishes a bound on
the velocity approximation error over a bounded domain by applying the universal approxima-
tion of transformers. Section J.3 presents the main proof by incorporating the bounded-domain
approximation error and controlling the unbounded region using the sub-Gaussian assumption.

J.1 Auxiliary Lemmas

In this section, we introduce auxiliary lemmas for velocity approximation. Specifically, we de-
compose the velocity field u,(z) into three components in Lemma J.1 based on the setting of
affine conditional flows (Section 2). To approximate each component, we clip the integral domain
of 2 in the integrals defining ®;(z,t), ®o(z,t), and P3(z,t) to a closed and bounded region in
Lemma J.2. This step allows us to perform the approximation on a bounded domain while con-
trolling the error introduced by restricting the integral. Furthermore, we revisit the bounds on
the density function p;(x) in ¢..-distance, and extend these bounds to the velocity field u,(z) in
Lemma J.3 and Lemma J.4.

Decomposition of Velocity Field. We present the next lemma to decompose the velocity field
u (). Constructing an approximator for w;(z) is difficult due to its complex structure. This de-
composition splits the velocity into three functions, each satisfying properties that make approxi-
mation feasible. These components allow the use of sub-Gaussian assumptions on the target dis-
tribution (Assumption I.1) and provide better control over the approximation error (Lemma J.9).

Lemma J.1 (Decomposition of Velocity Field). Under the flow matching setting (Section 2), the
velocity field follows a decomposition:

() = & (2, 8)" (Z— Dol t) + (61 — %)cbg(x,t)),

where

1 ||55_,Ut'$1||2
Dy (x,t) = - - T = el ) d
l(x7 ) /IR;dz O_;iz (27’(‘)dz/2 eXP( 20}2 q(xl) 1,
Cafot) ma [ e e peal®y
A Riz sz(Zﬂ)dz/Q P 20—t2 q\T1 1)

T — [t 21 1 ||$—Mt'l‘1H2
s ‘ — 5| -al@) day.
3(1'7 ) /Rdz < oy ) Ufz(Zﬂ)dz/Z eXP( 20_? q(xl) 1
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Proof. By (2.5), the density function p,(z) has the form

pi(z) = / pilelen) - qlay) day

! |peer — ||”
= — : day.
o | exp( g ) e

Therefore, we have p;(z) = ®4(x, t).

Then, we rewrite the velocity field at time ¢ by

w ()
1
= . d
| wlalepalnato) da
1 ofx — - x )
- . / (t(—'utl) + [l - 91:1) ~pe(z|xy)q(zq)day (By (2.6) and (2.8))
Pt(x) Rz Ot
1 ofx — - x ) )
— : / (t(—“tl) A L m) (] )g(1)dan
pe()  Jres o it e
=0 (50 (o) = B0 o) + 20
27 Mt
(By the definition of ®, 5 and (l>3)
= ®y(2, 1)+ (B Do, )+ (60 = BT (2,1)).
et et
This completes the proof. []

Based on decomposition, we construct separate approximators for ®;(xz,t), ®o(x,t), and ®3(x, t).
Then, we approximate u;(x) by combining these approximations in Section J.2.

Clipping Integral Domain. Next lemma handles unbounded integral domain of ®;(z,t),
®y(x,t), and P3(x,t). Lemma J.2 ensures that for any small error ¢ > 0 and any fixed z € R, a
bounded domain B, dependent on € and x exists, where the integral outside 53, remains bounded
by e.
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Lemma J.2 (Clip the Multi-Index Gaussian Integral, Lemma A.8 of [Fu et al., 2024] and Lemma
F.9 of [Oko et al., 2023]). Assume Assumption [.1. Let d, be the dimension of the target data
x1 and n € N. Then, for any x € Zflﬁ with ||k[]; < n, 71 € R% and 0 < € < 1/e, there exists a
constant C'(n, d,) > 1 such that

K 2
/ <Mt T x) ‘ - q(z1) - exp N : z| Aoy 2
Rdz\B, of ope (2m)d=/2 207

where (L2122 )e ((tezlzellyen) - peo(de]=alde] yxld])

gt Ot

18 a multi-index vector and

z —0:C(n,d;)\/log(1/e) =+ 0.C(n,d,) log(l/e)]
Ht , Ht

N [C(n,dz)\/log(1/6),C(n,dz)\/log(l/e)}dz. a.1)

B, ::[

Remark J.1. The rationale behind this error choice follows from the need to control the clipping
error, when we construct a polynomial-like approximator for the components of the decomposed
velocity @, ®,, and ®3 on the bounded domain 5, y. Specifically, these approximations capture
the smoothness of the density function in Holder space and leads to an error of order N—” up to a
logarithmic factor. Therefore, the clipping error is set to match this order.

Bounds on Density Function and Velocity. We introduce two lemmas that provide bounds on
the density function p,(z) and the velocity field u,(xz). These bounds are crucial because the
maximum output of the transformer network class plays a key role in analyzing the capacity of
the loss function class in estimation error analysis (Section 1.3). We start with the bounds on p; ()
and V log p:(x).

Lemma J.3 (Bounds on the Density Function, Lemma A.9 and Lemma A.10 of [Fu et al., 2024]).
Recall that p(z) = [, pe(x]21)g(x1)day and p(z|z,) = W exp(—||z — w1 ||3/202).
Assume Assumption I.1. There exist a C; > 0 such that

— - eXx —— | < ) < - ex —— || |
Odz P ( 0t2 N pt( ) a (uf + CQOE)dIﬂ P Q(M% + 020152)

t

Moreover, there exist a positive constant C7, such that
Cr
IV 1ogpi(2) ]l < —5 - (llzll2 +1).
t

By Lemma J.1, the velocity field w;(x) follows the decomposition

ue) = 120" (B b t) + (6, — M)y,

Ht Kt
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With this expression, we apply Lemma J.3 to obtain bound on the velocity u;(x) in ¢ -distance.

Lemma J.4 ({,.-Bounds on the Velocity Field). Assume Assumption I.1. Then, there exists a
positive constant C'5 such that

. o
o)l < 22 )+ o 2 — 2
t

|- (el + D).

Proof. Recalling from Lemma J.1, we have the velocity decomposition

() = By (z,1)"" (& (2, 1) + (60 — @)cpg(x,t)),

Ht Kt

where

1 ”flf—ﬂt'$1|!2
FOYPRY S SN BN ey VALY IR
1(377 ) /Rda: O_;lz (27T)da:/2 exp( 20_t2 Q(xl) T,
(I)<mt):$/ ;ex _M Cq(a1) dz
o Rz Uf””(er)dx/Q p 202 a\T1 1

L — M-I 1 Hm—ut-xll\Q
Polet) = ' | da;.
3(% ) /Rda: ( O ) ggz(gﬁ)dz/z exp( 20t2 q(%) T

First, we rewrite the expression of ®(x,t) and ®3(z, t). Then, we derive the bound on ().

* Step 1. Rewrite ®,(x,t) and ®3(x,t). By the definition of ®(x,¢) and ®3(x, ), it holds

1 |z — e - 21
P t) = —_ —_— | - dry =2 -® t).
o(x,t) =2 /Rdz o (2T exp( 207 q(z1)dzy = x - Py (2, 1)

Therefore, for all i € [d,], it holds

fu[i]
Mt

Mtéx,ﬂH

-¢ﬂ%ﬂ« (J.2)

Next, since the gradient of p,(z) has the expression

T 1 Il — pe - 2|
Vpi(x) = - , e =g |

we have ®3(z,t) = —Vp(z) - 0.
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Therefore, for all i € [d,], it holds

J.3)

1]}
= @) (5L Bale, ) + (5, - ’“‘tat)@g(x,t)[ﬂ)‘
Ht Mt
< |0yt (B <I>2(a;,t)[i])‘ + ‘Ql(x,t)l((dt - “;"t) . <I>3(:c,t)[i]>’
t t
(By triangle incquulity)
il wo? ,
= o) (P 1) 1l (P~ 1) - Vo)1)
t t
(By (J.2) and (J.3))
/)Jt . /:Lt t . .
=|—" $[2]‘ + ‘ — 00| + |Vlogpt(x)[z]| (By Vlogp: = Vp/py)
et et
. . 2 1
< B 2| + 5| B2 — 6,0 - | =5 - (2]l + 1)‘. (By Lemma 1.3)
et Mt Oy
Therefore, by symmetry,
] fu O
lue(@)llog < =5 - llzlloe + Cs| == = —| - (2]l + 1).
Mt Mt t
This completes the proof. [

J.2 Velocity Approximation on Bounded Domain

In this section, we approximate the velocity field u;(x) on a bounded domain through a two-step
approach. Specifically, the first step constructs three compactly supported continuous functions
Uy (z,t), Yo(x,t) and V3(z, t) as approximators for &, (z,t), Po(z,t), and $3(z,t) in Lemma J.5,
Lemma J.6, and Lemma J.7 respectively. Then, the second step applies the universal approxima-
tion to approximate W (z,t), Uy(x,t) and W3(x,t) with transformers in Lemma J.8. Bu incorpo-
rating these steps, we derive the velocity approximation on a bounded domain in Lemma J.9.

Before proceeding, we reiterate on the velocity expression. By Lemma J.1, u;(x) has the form

wn(x) = & (2, 8)71- (%Cbg(x,t) 4 (6, — %)cpg(g;, t)),

where

1 ||9C—,ut-x1||2
Pl t) = T n OP | T | - q(e) dan,
1< ) /]Rdx Ugl:c(27r)dw/2 p( 20752 Q( 1) 1
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1 Hx_ﬂt'%HQ
alot) == o0 (9 des2 ——— | ~a(z1)day,
2(a,1) /Rdz ol (27)de/2 Xp( 2072 q(z1) dry

ropen) 1 o= o
ol = ' — | - g(w) day.
3<£L’, ) /IR;dl < o ) UfI(ZW)dz/Z eXp< 20'752 q(xl) 1

Approximation of ¢, (z, t). This step builds on [Hu et al., 2025b, Fu et al., 2024].

By the expression of @, (z,1):

_ 1 Iy — 2|
oue)= [ rron (V5T ) e

- ”’“”gl—g”””Q> with k;-order Taylor polynomial and ks-order Taylor

we approximate ¢(x1) and exp (
polynomial on a bounded domain B, y, introduced in the integral clipping (Lemma J.2). Alto-

gether, we approximate ®, with the local polynomial ¥, (x,¢) on B, y with the expression:

lInally Mg
U= Y Y H 0Tt

2, U, T), 1.4
ng!  Oxne (@, 0, ) d4)
vE[N]de |Ing ||, <k1

v=Rn(—3)

where n, € Z% is a multi-index, Rg > 0 is a constant depending on the Holder ball radius B,

* gl<x7 Ny, U, t) = H;lil Zk2<p g2('r[i]> nx[z], U[i]v k2)’ and

N AR o 1 o)\ (el i) F2
* ga([i], nold], vli] ko) = = [ (E 5‘?) ] <_T> dz;.

Hu et al. [2025b], Fu et al. [2024] consider the setting of conditional diffusion transformer with
classifier-free guidance. In contrast, we apply (J.4) by removing the condition y € R%.

Since Wq(z,t) is an approximator of ®;(x,t), we need to ensure that it is lower bounded away
from zero so that the denominator of velocity u;(z) in Lemma J.1 does not blow up.

Therefore, we introduce an additional definition.

Definition J.1 (Truncated Density Approximator). Let €, be a positive real number, and let
U, (z,t) be a scalar-valued function defined in (J.4). Then, we define

Ui (z,t) = max{¥;(z,1), €low }-

We specify the choice of €, in Lemma J.9. For now, we approximate ®(z,t) with Uy (z,t).
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Lemma J.5 (Local Polynomial Approximation of ®;, Lemma A.4 of [Fu et al., 2024]). Assume
Assumption L.1. Let Wy(x,t) be the approximator of ®(x,t). Then, for any ¢ € [0, 1] and
x € R% it holds

dg+kq

W (2, 1) — @ (2, 1)] S BN (log N) “F

Next, we approximate ®o(x, t).

Approximation of ®,(x,t). By Lemma J.1, the following identity holds

1 | — pre - ]|
) t) = —_ - | dry =2 - P t). J.5
2(v,1) =@ /]Rdz ol (27)d=/2 exp( 207 alar) doy =z - @y (2, 0) {@-3)

Building upon the local polynomial ¥, (x,t), we use x - ¥y (z,t) as the approximator of ®o(x, ).

Next lemma gives the approximation error rate of ®o(x,t) using Wy(x,t) =z - ¥y (z, 1)

Lemma J.6 (Local Polynomial Approximation of ®5). Assume Assumption I.1. Let Wy(z,t)
be the local polynomial and Wy(x,t) == xW¥y(z,t). Let C,(d,, 5, C1,C5) be a positive constant.
Then, for any ¢ € [0,1] and 2 € [~C,+/log N, C,+/log N|%, it holds for all i € [d,]

dg+ky+1

|Ta(z, 8)[i] = Po(z,t)[i]] . S BN~ (logN)™ 7 .

Proof. Since Wy(x,t) = 2W(x,t) and Py(x,t) = 2Py (z,t), for all ¢ € [d,], it holds

[Woli] — @i = [2W1 1] — 2@y [d]]

< zfe]] - [U1 — D4 (By (1.5))
dg+kq
<zafi] - BN?(logN) ™ 2 (By Lemma J.5)
dg+k+1
< BN P(logN)” =z . (By z € [~Cyv/Iog N, Cy/log N]%)
This completes the proof. []

Approximation of ®3(x,t). Similarly, we have approximation results for ®3(x,t).

Lemma J.7 (Local Polynomial Approximation of ®3, Lemma A.6 of [Fu et al., 2024]). As-
sume Assumption I.1. Let C,(d,, 5, C1, Cy) be a positive constant. There exists local polynomial
U3 (z,t) such that for all ¢ > 0, i € [d,] and x € [—~C,+/log N, C,+/log N|% it holds

dgp+ki+1

U5 (2, t)[i] = o:Vpe(@)|li]]| S BN (log N) ™= .
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Remark J.2. We clarify that Lemma J.7 gives the approximation of ®3(x,t) using W3(z,t).
First, the density at time ¢ has the form:

1 ”x_ﬂt'%H2
= T oa s P | ———o g | ~ax) day.
pt( ) /Rdz Ufz(Qﬁ)dzﬂ p ( 2Ut2 Q( 1) 1

Then, the gradient of p;(x) with respect to = has the form:

S e 1 o — gy - 21
Vv - - B da.
P /Rdx ( of ) ol (27)dz/2 eXP ( 207 q(z1) dry

By Lemma J.1, we have ®3(x,t) = |0y V().
Therefore,

dp+ki+1
2

|Ws(z,t)[i] — P3(z,t)[i]] < BN P(logN)™ = . (By Lemma J.7)

Velocity Approximation with Transformers on Bounded Domain. We first approximate the
velocity approximator constructed with Wy (x,t), Uy(x,t) and W3(z,t). We reiterate that trans-
formers take input d x L matrices, where d X L = d,. Then, the next lemma specifies the network
configuration for the approximating the velocity approximator with arbitrarily small error.

Lemma J.8 (Approximate Velocity Approximator with Transformers). Assume Assumption I.1.
Let C,(d,, 3,C}, Cy) be a positive constant. Further, let U(z,t) : [~C,+/log N, C,/log N]% x
[0, 1] — R% be the target function:

_ Vs, t)/p + (60 — fuoe/ ) Vs(x, t)

U(z,t): )

Then, for any ¢ € [0, 1] and any ¢ € (0, 1), there exist a transformer g(x,) € 7;*" such that

1
// lg(x,t) — U(x,t)|2dzdt < €.
0 J||z]loc<CrvIog N

Furthermore, the parameter bounds in the transformer network class ’7}?’” satisfy
Ckq, Crg = O((log N)***2e~*2). Coy, Cgy = O(e);
Cr,C2° = O(y/log N - €' - max ||¥]],); Cx = O(1),

where O(-) hides all polynomial factors depending on d, d, L, 3, Cy, Cs.
Proof. Since the path coefficients are smooth and the first-step approximators ¥, (z,t), Wo(x, ),
and W3(x,t) integrate polynomials, the target function is Lipschitz continuous on a compact do-

main. Further, the reshape layer Definition B.4 does not harm the continuity of the element-wise
ly-norm. This continuity ensures that the function satisfies the conditions for applying the uni-
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versal approximation of transformers. Also, we concatenate ¢ as a additional sequence. Then, we
apply Theorem H.2 with p = 2 and Z € [~C,+/log N, C,v/Iog N|**(:+1 3 For any € € (0, 1), it
holds

/
(g, ) = / / lo(e,t) — W, H)3drdr) " < e (By Theorem H.2)

The parameter bounds in the transformer network class follow Lemma H.4.

This completes the proof. []

Remark J.3. Lemma J.8 modifies Lemma 1.6 of [Hu et al., 2025b] by adapting the transformer
approximation to decomposed velocity components (Lemma J.1), whereas their work focuses on
approximating V log p;(z). Our flow matching framework eliminates the label y and reduces the
number of hidden dimensions to one.

Then, by analyzing the error accumulation from both the transformer approximation (Lemma J.8)
and the local polynomial approximations (Lemma J.5, Lemma J.6, and Lemma J.7), we establish
a bound on the velocity approximation error over a bounded domain.

Lemma J.9 (Velocity Approximation with Transformers on Bounded Domain). Assume As-
sumption I.1 and Assumption I.3. Let 3,7 € (0,1). Let C,(8,C2) and C5 be two positive
constants. Let €y, = C5N 7 (log N) /2 Then, there exist a transformer ug(z,t) € T,
such that for all z € [—~C,\/log N, C,v/log N]%, t € [to, T] and p;(z) > €0, it holds

Mt Ot

)QB2N—2B(1og N)SHh+L,
Mt Ot

/tT/ (@) = o, DI3(pi(x))?dadt < (\Z_z\ .

Furthermore, the transformer parameter bounds satisfy

Ciq, C35 = O(N*#28(log NY*=+2); Coy, O3 = O(NP);

dz

Cr, C2® = O(NP(log N)“2°*1); Cp = O(1); Cr = O(y/log N).

where O(-) hides all polynomial factors depending on d, d, L, 3, Cy, Cs.

Proof. We use the notation “<” in our derivation when an inequality holds up to a constant factor.

We prove Lemma J.9 with following two steps.

* Step A: Approximate velocity with constructed function. We approximate the com-
ponents ®;(z,t), Po(x,t), and P3(x,t) using local polynomials Wy (z,t), Uy(z,t), and
W3 (x,t), respectively. Based on the velocity decomposition given in Lemma J.1, we con-
struct an approximation W(z, t) by combining these polynomial components to approximate
the full velocity field u;(x).

3Please see Section H for a detailed proof.
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» Step B: Approximate with Transformers. We leverage the universal approximation of
transformers (Section H) to approximate the constructed function W. Based on this approxi-
mation, we derive the final velocity approximation rates with the required bounds on model
parameters.

By Lemma J.1, the velocity field u;(x) takes the form

w(z) = @ (2,8)" - (% Dy, t) + (6, — %)q)g(x,t)),

where

1 |z — g - 2 |)”
oot [ b e el g
1(5(77 ) /Rdx O'gm (27_‘_)%/2 GXP( 20’152 q(;pl) T,
Q(xt):x/ ;ex _M cq(a1) dz
e Rz O'tdx(QTr)dl‘/Q P 20t2 q\T1 1,

T — Hg - T 1 ||g;_ut.x1||2
Pal:) = ' — | - q(1) dz;.
3(z,1) /Rdx ( oy ) o0 (277 e 2 exp( 207 q(zq) dxy

Moreover, by Lemma J.4, the bound on the velocity field in /.,-distance follows

() | (1.6)
< |“_t| . ||ff”oo + Ht Ol (HJ;”Q + 1) (By Lemma J.4)
et Ht Ot

~(VIog N +1). (By z € [~C,VIog N, Cy/Tog N])

Set the transformer network output bound C'7- equal to the right-hand side of the expression. Then
we are now ready to present the proof of Lemma J.9.

* Step A: Approximation via Local Polynomial.
We construct the approximator for u;(z) based on Lemma J.5, Lemma J.6, and Lemma J.7.
Specifically, we define ¥(z,t) € R% with each element given by

(e D] = mm{f‘t%m/ ot (0 o) ald, ||ut<x>||w}. a7

The first element consists of the approximators for ®;(z,t), ®o(x,t) and $3(z,t). The
second element ensures that W(x, ) does not output value larger than the |ju,(z)]| ..
Notice that, for all ¢ € [d,], the difference between ¥ (z, t)[i] and u,(x)[i] follows

Jus () [i] — W, £)[d]]
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[ ®ali]/pu + (60 — fuoe/pe) Pali] — fuWali]/pe + (60 — fuoe/p) Vsli]
b, Ve

(By the definition of u; and ¥ (z,t))

u®2li]/ e + (60 — fuoe/p) Pali]  fuVali]/p + (60 — fuoe/p) Vsli]
Ve e

(T1)

[ ®ali] /s + (60 — fuoe/p) Pali]  fuPali]/ e + (60 — [uor/ 1) Ps[1]

o, e

- >

(T2)

IN

N

+

(By triangle inequality)

Next, we bound (T;) and (T5).
— Step A.1: Bound term (T;). Recall Definition J.1. By the definition of €., we set

dg+kq
W (z, 1) ::max{\lll(x,t),C’g-N‘B(logN) : }

By Lemma J.5, we have

dg+kq

Wy (2,t) — pe(z)] S BN P(log N) =, (1.8)

and (J.8) implies

dg+kq
2

pil) — KBN? (log N) “5 < Wy (),

for some positive constant K. Next, recall that we consider

de+kq

CsN P (logN) 2 < py().

By setting C's = 2K B, it holds

dg+kq dy+kq

C!
KBN~ (logN) 2 ng_ﬁ(logN) 7 < p(w)/2,

leading to

dg+kq

pe(z) —pi(x)/2 < p(x) = KBN P (log N) ™ = < Wy(x,1).

As aresult, p;(x)/2 < ¥y < U$ holds.
This allows us to replace the approximator W with p,(z) by dropping constant 1/2.
Then,

(T1) (1.9)

u®2[i]/pe + (60 — fuoe/p) Psli]  fuValil/p + (60 — fuoe/pu) Vs[i]
g vy
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2 | : . . [uo : :

< Z|E (@ofi] - Wafi)) + (at e ) (@4l - %M)\ (By ¥5 > pi(x)/2)
De| e Mt
2 |[ 2 )

< _M | Dyfi] = Wyfi]| + — |0y — AA |D3[i] — Wsld]| (By triangle inequality)
Pt [ Pt t
1 . . "

5 _. <M + |6, — @ ) BN~ 5(]0g N)d ol (By Lemma J.6 and Lemma J.7)
Dt e Kt
1 . . : .

<. (M I ) BN 8(log N)™= 2" (By o, € [0,1])
Pt e O M
1 etk

< — . BN(log N) =2 (By Assumption 1.2)
Y2

Next, we bound (T5).
- Step A.2: Bound term (T,). By Lemma J.4 and ||z||> < v/log NV, it holds

Jur () [2]]
|'ut|- log N + Ly -(\/logN~|—1)
et Oy
:<M+2_&> 1OgN+_t_&,
e A Ot Ht

for all i € [d,]. Next, by the decomposition of velocity in Lemma J.1, it holds

”tcbz[]+ (dt—”t“t) O,[i] < @, (MJF ) Viog N + &,

t

fht H Hi op or |
J.10)
Therefore,
(Ty) J.11)
[T . [0 . 1 1
< |—Psli] + (0’ — )CID 1 —— =
Pl + (00— P2 ) ol - |5 - 5
) . . X 1 1 |
5¢1<(M+ 2= Bt o N+——ﬂ) ——— (By (1.10))
i or Ut Or Mt P, Uy
1 (|,th| Ut /~Lt ) )
N \/log N + o \
v,y < it oy 2% [ =l
(By factoring out 1/®; and 1/¥)
1 ) .
<. ((M o _ ) log N + |28 — H ) @ — | (By WS > py(x)/2)
Dt ot Ot |t Ot Ut
1 || Fut 4 ) dathn
< —. <_ ——>«/lo N-|-——— BN ?(log N
Dt ( e Ot Mt ® Ot Mt (log %)

(By Lemma J.S)
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Combining (J.9) and (J.11), we have

for all i € [d,].

Therefore,

e - Jug[i] — W[d]| J.12)
<(Ty) - pr+(Ty)-p
< <M Il o >BN Blog N) ™2, (By (1.9) and (J.11))
e Lt o
P - Nlue(z) — U (z,1)]f3 (J.13)
< pi - dyllug(x) — U (z,1)]]2, By || ll2 < dall - lo0)
< (Ll 1B Y g Nyt i, (By (1.12)
He He O

* Step B: Approximation with Transformer.
By Lemma J.8, there exists a transformer ug(z, t) € 7" such that

//Hug r,t) — U(z, t)|3dzdt < € J.14)

By setting € :== N7, it holds

| [
s//ﬁ

s//ﬁ

N () — ug(w, t)||5dzdt

(o) = W O)doct + [ [ 9 W)~ walao,t) Bled

(By triangle inequality)

Nug(z) — W (,t)||3dedt + // | (2, t) — up(a, t)||3dzdt

(By 0 <p(x) < 1)

&—?)%WQM%NW%“//M&+//WQM—WWM@Mt
a t (By (1.13))
fu_ 0 ) B*N~ 2B(logN) LA // W (2, t) — ug(x,t)||3dxdt
S (BY [[z]lco < Cyv/Iog N and t € [0,1] )
Z“t - ? >QBQN‘25(log N)*F st (By (J.14) and ¢ = N—F)

t t

By (J.6) and = € [—C,+/log N, C,/log N|%, we have

[ue(2)]|oo = O(v/10g N),
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and by (J.12) we have

dp+ki+1

[uei] = W[i]| = O(N"*(log N) ™= ).

This implies

dptki+1
2

19 (2, t)]]s = O(y/log N + N~7(log N)

We take a looser bound on ¥(z, t) such that it holds for all d,:

).

dp+ky+1

[P (z, )2 < da[|¥(2,)[|oc = O((log N)™ 2 7).
Then, the parameter bounds follow Lemma J.8 with e = N —B. Therefore, we have

Crq, Cig = O(N**20(log N)**2); Coy, G = O(NP);

dz+B

Cp,C3™ = O(N?(log N) ™2 *1); Cx = 0(1); Cr = O(y/log N).
This completes the proof. []

J.3 Main Proof of Theorem I.1

We establish the velocity approximation with transformers in Lemma J.9. However, it is valid
under two settings: (i) the bounded domain € [—~C,+/log N, C,v/log N|% with some constant
C.(B,C5) (ii) the mild and high density region p;(x) > €)0y. To obtain general approximation
results, we introduce two additional lemmas to tackle the uncontrolled region.

Lemma J.10 (Truncation of x, Modified from Lemma A.1 of [Fu et al., 2024]). Assume As-
sumption [.1. Then, for any R4 > 1, ¢ > 0, the following hold

_ Cy R}
pe(z)de < R%&==2 exp <——),
/xlloo>R4 ' ! 2(/%:2 + 0201:2)

2 CoR3 )
w(o)|l5 - pe(z)dr < R exp| ————— .
o o o o

Proof. For the first inequality, it follows

/ p(z)dx
|z]loo>Ra

Ca|lz|3 )
: P73 1 o) ) By Lemma J.3
~ /leloo>R4 p( 2(pu? + Cyo?) (By Lemma J.3)
Ca| =3 >
: / o (_— de By [lzl2 > ||/l
lzllo> R 2(ui + Coo?) (

Co R
< Rd’:_2 exp —— =1 ). (By Lemma D.2 and dropping constant terms)
~ Y4 2 2
2(pi + Coof)
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For the second inequality, it follows

/ lue(@)]2 - po(a)da
||| oo > R4

S [ Ju@ig
llzlloo>Ra

< / (M
™ el Ra \ it

P (‘2(

pi + Co0?)

2 ]loo +
Mt

Col|[[3

Mt o

) dz (By Lemma J.3)

Collll3

2
: +1 2tk g
e+ ) e (gl )

(By Lemma J.4)

S /“6”002&1 |23 exp (—%) dz (By Assumption 1.2)
= /|z||zzR4 el exp (‘2(,?+”—@|§a§)) de (By |2 > [lelloc)
S e (_ij—}éi@>' (By Lemma D.2)
This completes the proof. -

Lemma J.11 (Bound on Low-Density Region, Modified from Lemma A.2 of [Fu et al., 2024]).

Assume Assumption [.1. Then, for any Rs, €y, > 0, the following two inequalities hold

/ 1{[p:(2)| < €ow} - pr(x)dz < RE - €10,
2]l co<Rs

/ L{|pe(2)] < €tow} - [lue ()3 - pe(2)dz S RE™ - €ro.
l[zlloc <R5

Proof. The proof for the first inequality is identical to [Fu et al., 2024].

For the second inequality, it follows,

/ 1{[pe(2)] < o} - e (@)]2 - pe()de
|z]|co <R3

. . . 2
(o
S [l <and (2ol |2 - 2 a4 1) iGoda
l2lloc <Rs He He Ot

(By Lemma J.4)

. . . 2
g
<an [ (M-Hxnw Aot -(HszH)) da
lello<Rs \ Ht Kt Ot

dpt2
S Ry

(By Assumption 1.2)

* €low-

This completes the proof. U
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Next, we present the formal proof of Theorem I.1.

Theorem J.1 (Theorem I.1 Restated: Velocity Approximation with Transformers under Generic
Holder Smoothness).  Assume Assumption [.1 and Assumption [.2. For any precision parameter
0 < e < 1 and smoothness parameter 5 > 0, let e < O(N _5) for some N € N. Then, for all
t € [to, T with to, T € (0, 1), there exists a transformer ug(z, t) € T, such that

T
/ / |ue(x) — ug(z,t)||3 - pe(z)dzdt = O (BQN_ﬂ - (log N)d”g“) .
to Rdz

Furthermore, the parameter bounds in transformer network 7}?’” satisfy

Crxq, Crg = O(N**#(log N)***2); Cov, 5y’ = O(N7);
C, O3 = O(NP(log N)*5+1); Cp = O(1); CF = O(/log ).

where O(-) hides all polynomial factors depending on d, d, L, 3, Cy, Cs.

Proof of Theorem I.1. Let R := C,\/log N and C, == \/4B(u? + Cy0?)/Cs. Further, we have

Cr=0(/10gN); €ow = CsN 7 (log N)th)/2, (By Lemma 1.9)

First, we decompose the target into three components and bound each of them

T
/ / o — el - pe(e)dadt
to

T T
= / / ||ug — utH%pt(m)dx dt + / / H{p:() < €1ow }||ug — utH%pt(a:)dx dt
to N |z||co > Re , to lz|lco <Re |

~ N

(T1) (T2)

T
+/ / Lpi(2) > eon Mo — 1|2y ()t
Jto [|z]|co <Rs

-~

(Ts)

* Bound on (T}). It holds

[ e wlBple)de
l[zlloo>Ro

< 2/ ||U9||§ 'pt(x) dz + 2/ ||ut||g -pt(:L“)d:E (By expanding £>-norm)
llzlloo>R6 |z]| 00> R

< 2d, / lugllZ, - pe(w)dz + 2 / 3 - pe)dz By 2 < ] 2)
l|z]|oo >R ||| 00> R
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(.

S / logN-pt(x)dx—i—/
[|z]|oo > Re ) ||| o0 > Ré

el - pe(z)d.

(. J/

(T11)

We bound (T ;) by

(T12)
(By C7 = O(y/1og N) from Lemma J.9)

(T11)
= log N - p(z)de
|z oo > Re
Oy R?
< logN:-RéZexp| ——5— 0 By L 1.10
~ 108 6 p< 22 + Cho?) (By Lemma J.10)
< log N - (log N) 2 N7, (By the choice of Rg = C,v/Iog N and C,, = \/28(1? + C207)/C5)

We bound (T 5) by

(T12)

:/ el - pe(e) da
|]|co > R6

A

Mt

(led
Mt

Mt

AN

Ht

Therefore,

(T1) S (T1a) + (T12) S <M n

* Bound on (T5). It holds

(1l i

fu

¢

Oy R2
26 ) (By Lemma J.10)
Ot

2
. Re= Sk H
) 66@(%ﬁ+@@
2
) -(log N)$N~F.

(By the choice of Rg = Cp/log N and C, = V28(u7 + Ca0?)/Cy)

0y

O

He Ot
ot Oy

2
) -(log N)% - N2,

Ht

[ o) <) - fuo = wlf - ple)ds
l[zlloo <Rs

IN

IN

N

(.

2/‘ Lpi() < cton} - (luell2 + [us]l2) - pe()de

|z]|co <R6

2A“ (@) < aon} - (do - gl + rll2) - po()de
z||cc <Rg

[ < amd il ptoyis+ |
|[z]lco <Re ) I

(By expanding ,(,Q-norm>
By [I- 113 < dell - 1)

L{pe < €tow} - el - pi(z) da.
xHOOSRﬁ

N J/

-~

(T2.1)

(ﬁz)
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We bound (T ;) by

(T2q)
N / {pi(2) < €1ow} - [lua(2)[[3, - pe(2)dz
lzllco <Rs

< log N - H{pi() < €1ow} - pe(z)de (By C7 = O(y/1log N) from Lemma J.9)
llzll oo <Rs
N log N - ElOWR()- (By Lemma J.ll)
S log NV - (log N)Tz €low (By the choice of Rg = C'.+v/log N and C,, = \/2,]3(/1';) + (72(7?)/(72)
da+k de+kq
< log N(log N)7 . NP (log N)™ = ; (By the choice of €1g = C3N 7 (log N)™ 2 )

We bound (T ) by

(T2.2)
/II <R H{pi(7) < €row} - [lull3 - pr(w)d

N GIOWRgm-i_Q (By Lemma J.11)
dg+2 ‘ :
< Elow(log N) (By the choice of Rg = C,v/log N and C,, = \/Z,f(/l,f + Cg(rf)/Cg)
dx"r . dy+kq
<N~ A (log N) (log N) (By the choice of €, = Cs N~ (log N) ™ * )
Therefore,

(T2) $ (Taa) + (Taz) S N~ (log Ny 4+,
* Bound on (T3). We bound term (T3) by

T3)

—

)2 b o — - )t
l[#]lco <Rg

T
= / / —I[{pt( ) > Elow} . dm||u9 — ut||§ . (pt(:c))dedt (By multiplying [)f/pf)
l|zloo <Re Pt
T
= / / l{pt(ﬁ) > €low} - dollug — will3 - (pe(2))?dadt  (By 1/pi < 1/ei)
l2loo <R Clow
d, 70 [\ 2 .
< . (M + & _ g ) . BQN_QB(log N)%"‘kl"'l (By Lemma J.9)
€low M Mt Ot
S NP(log N)~ 2" (M - ‘& o )2 . BAN"(log N) 5 +hi+1
e He Oy
(By the choice of qw)
— (M 4 |fe 0 )2 . BEN78 . (log N)%+5+1,
2 He O
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By the upper-bound on (T), (T3) and (T3), we have

/ /Hut — up(x t)H2 py dadt

)
!t
:<Zt Mt_
S("ut B
O(BZN .

(Ts)
2
Z ) .0 (B2N—ﬁ - (log N)d”%l“)
2
Z (B2N—B - (log N)dw+§+1>
og N)d=+5 +1>

Furthermore, the transformer parameter bounds follow Lemma J.9.

This completes the proof.
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K Proof of Theorem 1.2

In this section, we derives a tighter error bound for velocity approximation using transformers.

Organizations. Section K.1 introduces auxiliary lemmas. Section K.2 establishes a bound on
the velocity approximation error over a bounded domain by applying the universal approxima-
tion of transformers. Section K.3 presents the main proof by incorporating the bounded-domain
approximation error and controlling the unbounded region using the sub-Gaussian assumption.

K.1 Auxiliary Lemmas

In this section, we introduce auxiliary lemmas for velocity field approximation. Specifically,
Lemma K.I applies a stronger Holder assumption to decompose the density function p;(x).
Lemma K.2 further decomposes the velocity into two components, differing from the decom-
position under a generic Holder assumption. Then, Lemma K.3 and Lemma K.4 establish upper
and lower bounds for the decomposed components and the velocity in /.. -distance, respectively.

We begin with the density function decomposition.

Lemma K.1 (Density Function Decomposition, Lemma B.1 of [Fu et al., 2024]). Assume As-
sumption 1.3. Then, the density function p;(z) and V log p;(x) follow the decomposition:

o ~Culla3
0= G oaen @ (3 ) 10 )
. —CQIL’ Vh(l‘, t)
=7 Gt TR

Vlog pi(x)

o1 —fz||? ~ o o Bt
WheI‘G h(x,t> = f & exp (_M) dxl, O—t — _(M%+—C2to—t2)1/2 and /"Lt = (p%+é20?).

(27)de /250w 25
Then, we give the velocity field decomposition.

Lemma K.2 (Velocity Decomposition under Stronger Holder Smoothness Assumption). As-
sume Assumption I.3. Then, the velocity field u;(x) follows the decomposition:

,utaf) ( —Chx Vh(a:,t))
pz+ Coo?  h(z,t)

w(x) = %x — (6y0y — ”

Remark K.1. The key aspect of Lemma K.2 is the velocity field u;(x) having a denominator
bounded away from zero. Specifically, we apply f(z;) > C to derive the lower bound on A(z, t)
(Lemma K.3). This removes the need to impose an additional lower threshold on the density
function approximator. In contrast, under Assumption I.1, the approximator is constrained to stay
above the threshold ¢),,, to prevent explosion, and therefore leads to slower approximation rate.
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Proof. Our proof builds on [Fu et al., 2024].

By Lemma J.1, the velocity field u;(x) has the form
wi(w) = @y (1) (% ol )+ (60— BT ),
t t

where

1 ||I_,ut’$1||2
ot = [ L e Mm@l g
l(xa ) /IRldz O—fz (2’7T)da:/2 eXP( 20’? q(xl) 1,
Dy (x t):l'/ ;ex —M -q(zy) dz
o R afz@ﬂ-)dzm P 202 ACS 1,

il ! o = -
Pale )= ' — 5 | - g(w) dan.
3(% ) /Rdz < Oy ) sz<2ﬂ-)dz/2 exp( 203 Q($1) T1

Furthermore, we have

o V()

T — g - Ty 1 |z — g - 212
o () ot @myr P ( oer )t dn

T — [y~ X1 1 ||37—Ht'$1||2
= — . N T g T d
/ ( Ot ) Jf”(27r)dx/2 exp < 202 q(z1) day

= — @3(1’, t)
Therefore,
()
. ' »
— 0! (B @y (0 - B ay)
Ht Kt
= /ﬁ:c — (dt — @)Utv logpt (By by = 2P and &3 = fanpf)
Kt Mt
' 107 —C Vh(x,t
— ’lﬁq} — (6yoy — utat) ( 3 27 5 + (z, )> . (By Lemma K.1)
Ht pe " \pi+ Coof - h(z,t)
This completes the proof. L

The next lemma bounds A(z,t).
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Lemma K.3 (Lemma B.8 of [Fu et al., 2024]). Assume Assumption [.3. Then, it holds

G >
?w(x,t)H < \/jB.
et 0 T

Lemma K.3 ensures that h(z,t) remains bounded above and below by a constant. As a result,
u, () stays finite for all z. This eliminates the need for an additional threshold €., (Definition J.1)
in the constructed approximator to prevent divergence, leading to a faster approximation rate.

Cy < h(z,t) < B,

Bound on Velocity Field. We give the /..-bound on u,(z) under stronger Holder assumption.

Lemma K.4 (Bounds on Velocity Field). Assume Assumption [.3. Then, there exist a positive
constant Cs such that

g MOt
o — —|.
Lt

fuoiy__C2
e i + Coof

[2]le + Cs

oo —

(@) < |2+ (6100 —
Mt

Proof. Recalling from Lemma K.2 and Lemma K.3, the velocity field has the expression

. . 2 _
m@%=&x—®wr—M%)< o VM%”),
Mt 2

pz + Coo? i h(z,t)

where a\t = O't/ ,Ut2 + 020152’ ﬁt = Mt/(ﬂ’? + 020252) and

! 2 — - ol
h(z,t) :/f(xl)m.exp (—# dxy

By Lemma K.3 and Assumption 1.2, it holds

Vh(x,t) L \/E 1
— o< 24 /EBC, = 0(—). By L K3
IPhta gy I < 5y =BG =0() (By Lemma K.3)
Therefore,
e ()]
. . 2 . 2
Mt . T} Cs . fuoi ||| Vh(z, 1) : . :
< |= 4+ (6,0, — Tl|loo + |00 — By triangl ality
= (0v0y " )(/@4—020,52) ||| t0t " Iz, 1) N (By triangle inequality)
. . 2 .
it . jaon Cy . W0t
< |=— + (0y04 — Z||oo + Cs|0p — , By ((By L K.3))
bt (00— BT ) el + Gl (By ((By Lemma K.3))
for some positive constant Cg.
This completes the proof. [
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K.2 Velocity Approximation on Bounded Domain

In this section, we approximate the velocity field u,(z) using transformers in two steps. The first
step constructs two compactly supported continuous functions, Q1 (x,t) and Q2(x, t), as approxi-
mations of h(z,t) and Vh(z,t) (Lemma K.5 and Lemma K.6). The second step applies the univer-
sal approximation of transformers to approximate Q) (, t) and Q2 (z, t) (Lemma K.7). Combining
these steps, we present the velocity approximation on a bounded domain in Lemma K.8.

Before proceeding, we reiterate the expression of decomposed velocity under Assumption .3.

/.Lt . /.LtO'tZ) ( —OQ.T Vh(.flf, t))

U\ T ) = —T — 00 —
o) I (Gt pe - \pi +Ceof - h(z,t)

Then, we construct two local polynomials as the approximators for i(x,t), and Vh(z,t).

Approximation of /(z,t) and Vh(z,t). The differences between

1 |2y — fie - |5
h(z,t) = /f(ld) : W - exp <—# dzy,

and

1 ||z —ut~x|]§
— A Sk S e e 12 I |
pt(aj) /q<x1) (271')‘11/2 . O';lz oXP ( 20—15 1

lie in (i) the target function f(x1) and g(x;) (ii) the path coefficients ;, ji; and oy, p.

We define local polynomial W, (z, ) as the approximator for p;(z) in (J.4). Given the differences
between h and p;, the construction of an approximator for h(z,t) follows the formulation of ¥;.

Formally, we approximate h(z,t) around x with:

RHnIHI ang;f
=2 2 Fe

ve[N]da |[nell; <k !

gl(x,nx,'U,t), (Kl)

a::RB(%—%)

where n, € Z% is a multi-index, Rz > 0 is a constant depending on the Holder ball radius B,
* gi(x,n,0,t) =TTy S, cp 92(li] mi], 0[], k2), and
o ali] i\ 1 Jell-me i)
o golzli], ngli], v[i], ko) == az\/ﬂf ( +1- —) L\~ ) dz
Remark K.2. Given the differences between h(z, t) and p;(z), we replace (i) 0" P, /Jz"* with

o™ f/0x™ (ii) o, and py with o, and Ji; respectively. Then, the formulation of Q1 (z,t) follows
constructions identical to the density function approximator W, (x, t).
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Remark K.3. When the context is clear, we refer to ()1 (z, t) as a local polynomial and distin-
guish it from W, (z, t). The generic Holder assumption (Assumption I.1) applies to W (z, t), while
the stronger Holder assumption (Assumption 1.3) applies to Q1 (z, t).

Then, we approximate h(x,t) using Q1 (x,t).

Lemma K.5 (Approximate of h(z,t), Lemma B.4 of [Fu et al., 2024]). Assume Assumption [.3.
Let Q1(x,t) be the approximator of h(x,t), and C,(d,, 3, C1,C5) be a positive constant. Then,

forany t € [0,1] and z € [~C,+/log N, C,+/log N]%, it holds
B,
2

|Q1(z,t) — h(z,t)] S BN’ (log N)

Based on the approximation of h(x,t) using local polynomial ;(x,t), we construct a approxi-
mator of Vh(x,t) following similar formulation

Definition K.1 (Approximator of Vh(xz,t)). We define Q2(z, t) as the approximator of Vh(x, ),
with each component ()»[i] following the form of local polynomial presented in (K.1).

Then, we approximate h'(x,t) and Vh(z,t) with Qs(z, t).

Lemma K.6 (Approximate Vh(z,t), Lemma B.6 of [Fu et al., 2024]).  Assume Assumption [.3.
Let C,(d,, 3,C1,Cs) be a positive constant. Then, for all x € [—C,/log N, C,/log N|%, i €
[d.] and ¢ > 0, it holds

~

Qo(a, )il = 2 Vh(z, )] < BN~ (log N) ™=
t

Approximate Velocity Approximator with Transformers Before deriving the velocity approx-
imation with transformers on a bounded domain, we first approximate the velocity approximator
constructed with Q1 (z,t) and Q2 (z, t) using transformers.

Lemma K.7 (Approximate Velocity Approximators with Transformers Network). Assume As-
sumption [.3. Let C, be a positive constant dependent on d,, 3,C; and C5. Then, for any
z € [~Cyy/Tog N, C,y/Tog N|% and t € [0, 1], there exist a transformer 7~ € T,."*" such that,

1 . . 9 ~ .
ju5 . MOy —Chx 1V Qalil\ 1o 2
T(z,t) — —x + (6¢0¢ — + — daxdt < €.

[ 1760 = Bat oo - 220 (ot B

Further, the parameter bounds in the transformer network class follows Lemma J.8.

Proof. The proof closely follows Lemma J.8. [

Approximate Velocity with Transformers on Bounded Domain. We incorporate the approxi-
mations with 1, )2 and T (z, t) to derive the velocity approximation on a bounded domain.
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Lemma K.8 (Velocity Approximation with Transformers on Bounded Domain). Assume As-
sumption 1.3. Then, for any z € [—C,\/log N, C,\/log N|% and t € [to,T] with a positive
constant C,.(d, 5,C,Cs) and to, T' € (0, 1), there exist a ug(z,t) € 7;2’” such that

T
/ / () — ug(z, t)]|2pe(x)dedt < B2N"2F(log N)kitde,
to ||z]loc<Czv/log N

Further, the parameter bounds in the transformer network class follows Lemma J.9.

Proof. Building upon [Hu et al., 2025b, Fu et al., 2024], we prove Lemma K.8 with two steps.

» Step 1: Approximate velocity with constructed function. We approximate the decom-
posed velocity field (Lemma K.2) and its components with approximator ();(x,t) and
QQ (QT s t) .

» Step 2: Approximate with transformers. We apply the universal approximation of trans-
formers presented in Section H to approximate the constructed function in Step 1.

Before proceeding, we recall some previous lemmas to prepare our proof.

By Lemma K.2, the velocity follows the decomposition under Assumption I.3:

pta,?) < —Chx Vh(a;,t)) |

i N
:u% + 020152 h(l’,t)

u(x) = —x — (004 —
t(> Mt (tt Mt

where 6, = 0/ (12 + Coo2)V2, iy = pi /(43 + Cro?) and

_ 1 1 — 7 - 5
h(.l',t) == /f(l'l)m - exp (—T dl’l

Furthermore, by Lemma K.4, the bound on u;(x) in ..-distance follows

. . 2

127 . HiOy Cy . HtO¢
ug(x < |— + (010 — oy — ——
(@l < |0+ G0 = B me) =

oo —

[2]lee + Co

First, we apply [|z]|2 < +/log N to Lemma K.4. Next, we apply Lemma K.4 and Lemma K.6 to
construct the first-step approximator Q(z,t) € R%, with each element defined by:

. v O
Qli] = min {%x — (6100 — “:Zt ) (M? ; é”;t? + ’”‘tagjm) , Hut(x)Hoo} . (K2

The first element consists of approximators for h(z, t) and Vh(z,t). The second element ensures
that W (x,t) does not output value larger than the maximum of u,(x) in o..
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» Step A: Approximation via Local Polynomial.
By symmetry, for all i € [d,], the difference between Q(z, t)[i] and u,(x)[i] follows

Iut[i]—Q.[iH2 -
o5 (550
-5 (2120
-t L,
(Th) (T2)

(By triangle inequality)

Next, we bound (T;) and (T5).
Step A.1: Bound (T)). By Lemma K.3, we have C; < h < B and

th(x,t)H < \/EB.
Kt 0o n

Moreover, by Lemma K.5, it holds

L
2

|Q1(x,t) = h(z,t)] S BN7" (log N)

It implies that

h(z,t) — K'BN~ (log N)* < Q1 (z,1),

for some positive constant £’. This gives

k1
2

|Q1(z,t)] S BN"(log N) (K.3)

Therefore,
Vhl[i]  Vh[i]
T p—
1= |- 5
h—Q
h:
h —
hQ
< Bn-plog )%
Ot

< !Vh[i]|‘

< EﬂB‘

- 7Tb'\t

(By Lemma K.3)
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Step 1.2: Bound (T5). It holds

nli —~ )
(Tg) _ V M _ :u/t\Q2[7']
N
7| Qalil - 2 VAl -
< = By factoring
=3 0, (By factoring out 7i; /)
B _ k1+1
< —N 5(10g N) 2 (By (K.3) and Lemma K.6)
Ot

Combining bounds on (T;) and (T5), it holds

|u[i] — Q]| (K.4)
-9
. a.
< |go — B ((Th) + (Tw))
Ht
. 2
< |oyo, — PLI BN=B(log N) ™2
Lt
forall i € [d,].
Therefore, by symmetry, it holds
[ue(2) — Q(x, 1)|3 (K.5)
< dy||ug(z) — Q( tI2 By Il 2 < dull - |c)
. /~Lt0't 2 28
< |60y — B N~ (log N) (By (K4))
Ht

 Step B: Approximation with Transformers.
By Lemma K.7, there exists a transformer uy(x,t) € 75" such that

. . 2 ~ .
My . HtOy —Chr 1 VQali] | 2
ug(x,t) — —x + (0104 — + —= dadt < €.
[ [ uate.) = B+ (o0 = POy 2y + BEEE

By setting € := N7, the velocity approximation using transformers follows

//mmm»ﬂmmw%Mt
//pt lug(z) — Q(x, t)]|5 dxdt+//ptl|Q z,t) — ug(w, t)|5dxdt

(By triangle inequality)
// | (z) — Q(,t)|3dzdt + // 1Q(x,t) — ug(x,t)||3dadt (By 0 < pi(x) < 1)

< c'ftat—uti BQN_sz(logN)kl//d$dt+/||Q(x,t)—ue(:v,t)H%dardt (By (K.5))
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.92
g0 — PIL| BEN2(log N)lrtds 4 / 1Q(x,t) — ug(x, t)|2dwdt

e
(Byt € (0,1) and [|z| s < Cyv/logN)

IN

. 922
g
,S 010 — il BZN*%(log N)lirdI, (By Lemma K.7)
Kt
< BZN_QB(log N)kl'i_d‘””. (By Assumption 1.2)

By Lemma K.4, it holds

[ue (@)

. . 2 .

Mt . MOy Co . U0t
< |= 4+ (6,0, — Nzl + Coloy — —]. By Lemma K .4
< [0t o= BT )l + Cofon = 5 (By Lemma K.4)
< O(4/log N). (By Assumption 1.2)

Therefore, we set transformer output bound C7 := O(||us(x)|| ). Then, the parameter bounds in
the transformer network follow Lemma J.9.

This completes the proof. L

K.3 Main Proof of Theorem 1.2

In Lemma J.9, we give the velocity field approximation using transformer on a bounded domain
r € [-Cy/log N,C,+/log N|% under stronger Holder assumption. To obtain general approxi-
mation result, we introduce the next lemma that bounds the uncontrolled region.

Lemma K.9 (Truncation of xz, Modified from Lemma B.2 of [Fu et al., 2024]). Assume As-
sumption [.3. Then, for any R; > 1 and ¢ > 0, the following hold

CoR2
z)dzr < R¥2ex <—#),
/|m||ooZR7 pt( ) ! P 2(/*6152 + 020152)

O
u(2)||? - pi(x)de < R% ex (—#)
/|1||ooZR7 ” t( )H2 pt( ) ~oT P 2(:“% + 020152)

Proof. The first part of the proof is identical to Lemma J.10

Recall Lemma J.3. The density function at time ¢ is upper bounded by

Cy exp (_ Col|z 13 )
pi + Caof )t/ 2(puf + C207)
C 2
< exp (_ 22H5EH2 i )
2(pi + Ca07)

(By dropping constant tel‘m)

P <
(
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Furthermore, by Lemma K.4 we have

Jue(2) ]

. . 2

e . MOy Cy
< |= 4+ (6,04 — T||oo + C
< |2t (10— PO e + G
S llzllo
< lz[l-

Therefore, the second inequality follows

/ lae()|2pe () da
[|z||oo>R7

< / ]2 - pi(a)de
HI||<>OZR7

Cy||]|3

S zl]2exp [ —————12 ) dz

~ /|x||oozR7 Il p( 2(u? + Cyo})
Cy||z||3

< 2 - exp (—— i

/|w||22R7 ? 2(p? + Coo?)

CyR2
< Ria I S
~ 1 e"p( 2(u%+0203)>'

This completes the proof.

Next, we present the main proof of Theorem 1.2

oy —

(K.6)

M0t

(By Assumption 1.2)
By Il lloe < I+ 12)

By Il < dal - 1)
(By (K.6))

(By Lemma J.3)

(By llzll2 > [lz]loc)

(By Lemma D.2)

Theorem K.1 (Theorem 1.2 Restated: Velocity Approximation with Transformers under Stronger

Holder Smoothness).

Assume Assumption [.3 and Assumption 1.2. For any precision parameter

0 < € < 1 and smoothness parameter 5 > 0, let e < O(N ‘5) for some N € N. Then, for all
t € [to, T with to, T € (0, 1), there exists a transformer ug(z, t) € T, such that

T
/ / Jut(z) — ug(z, t)|)5 - pe(x)dzdt = O (B*N~*(log N)%*7) |
to Rdx

Further, the parameter bounds in the transformer network class follows Theorem I.1.

Proof of Theorem 1.2. Recall Lemma K.8, Lemma K.9. We have C'r = O(y/log N) and we set

\/4ﬁ(,uf + Cyo?)log N
R3 = .
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Then, it holds

/t /Rdz |ug(x) — ()| 5pe (x)dadt
= ug(z) — u(z)||5pe(x)dad ! up(x) — wy(2)]|2p () dad

Lo ) —wlina s [ ) - w
§2/to /”1”00>R3(Ilue(:c)||2+IIut(x)Ilz)pt@:)dde/to /”xHOOSRS l[ug(x) — ue(z)||2py (z)dadt

(By expanding || - [3)

T
< / / (log N + [lus(@)[12) - pu()dardt + / / o) — i () |3pe(x)dedl
to J#lleo>Rs lzlloo <R3
(By(T:()(\/l()o )

- CoR3
< (log N - R3=2 4 Ri») exp< 3 ) / / ug( 7)||5p: (z)dzdt
e (gt )+ [ ) - w@lEn)
(By Lemma K.9)
T
< (log N)%N_w +/ / |ug(x) — wy(2)||3p, (x)dadt (By (K.7))
|zfloo <R3
< (log N)F N~2% + B2N 2 (log N )M +d= (By Lemma K.8)
=0 (B*N *(log N)*Ft%) . (By k1 < B)

Furthermore, the parameter bounds in transformer network follow Lemma K.8.

This completes the proof. O]
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L. Proof of Theorem 1.3

In this section, we prove Theorem [.3 following the three steps presented in the proof sketch.

Organizations. Section L.1 provides fundamental definitions of flow matching and discusses
key properties of the flow matching loss. Section L.2 introduces several auxiliary lemmas that
support our proof. Finally, Section L.3 presents the main proof of Theorem 1.3.

L.1 Preliminaries

In this section, we consider affine conditional flows ;(z|x1) = pxq + oy follows Section 2.
Given a velocity approximator ug, we aim to bound the following flow matching risk R (uy):

R (ug) == / LB (ue(X 1) — (X032 dt, L.1)

T — ty Xe~pe

where marginal probability path p; and marginal velocity field u, are induced by affine conditional
flow ¢y (x| X1) = 1 X1 + oz follows (2.2), (2.3), (2.5) and (2.6).

In practice, we use conditional flow matching loss to train velocity estimator uy:

Definition L.1 (Conditional Flow Matching). Let g be the ground truth distribution and the
normal distribution N (0, /) be the source distribution p. Considering affine conditional flows
Y(z|xy) = e X1 + owx, we define the loss function and the conditional flow matching loss:

T
f(wi ) i= 7 / o o o+ 01X, 8) = (i + 60.X0) [t
1 4 9
= E X — (e X 7+ X
Com(va) =g [ B o 0o, 0) X+ 00 Xo)

Remark L.1. Holderrieth et al. [2025] prove that the gradients of the flow matching loss (risk)
and the conditional flow matching loss coincide. Therefore, minimizing the flow matching loss
(risk) R(ug) is equivalent to minimizing the conditional flow matching loss Lcgm ().

To better evaluate the estimator ug, now we introduce the empirical flow matching risk ﬁ(u@).

Definition L.2 (Empirical Risk). Consider a velocity estimator ug € 7T,"*" and i.i.d training
samples {z;}"_,, the empirical conditional flow matching loss Lcgm(ug) := % S (xi; ug). Let
u* := u; be the ground truth velocity field, we define empirical flow matching risk:

ﬁ(u@) = ECFM(UH) ECFM Zf T Ug) Zf 1555
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Remark L.2. Notice that R(u*) = 0 since u* is the ground truth velocity field. Furthermore,
the fact that the gradients of the flow matching loss (risk) and the conditional flow matching loss
coincide implies that R(ug) = R(ug) — R(u*) = Lcrm(ug) — Lepm(u®).

Remark L.3. We use EA’CFM and R’ to denote the conditional flow matching loss and empirical
risk with training samples {z/}"_,. Then for any velocity estimator up, the 1.i.d. assumption
implies that Eg,ryn [Lopy(us)] = Lorm(ug), which leads to Egnn [R'(ug)] = R(up).

Next, we introduce the truncated version of (i) loss function ¢(x; uy), (ii) conditional flow “match-
ing loss Lcpn(ug), (iii) the conditional flow matching risk, R (uy) (iv) the empirical risk R (uy).

Definition L.3 (Domain Truncation of Loss and Risk). Given ¢(z;ug), Lcrm(ug), R(ug) and

A~

R (ug), we define their truncated counterparts on a bounded domain D = [—D, D]% by

07 (25 u9) = L5 up) I{||2]|oo < D}, L& (ug) = L(ug) 1{||7]lee < D},
RUM(ug) == R(z; ug) 1{||]loo < D}, RT™(ug) == R(ug)1{||z] < D},

where D > 0 is a constant.

With Definition L.3, we refer to £ (z:: ug), L8 (1), R™™(1y) and R (uy) as truncated
loss, truncated CFM loss, truncated risk and truncated empirical risk respectively.

L.2 Auxiliary lemmas

Since the target distribution ¢(z;) is unknown, direct computation of the risk is infeasible. There-
fore, we first decompose the estimation error into four components and present supporting lemmas
to bound each of them. Then, we incorporate these results in the main proof in Section L.3.

Estimation Error Decomposition. Let uy be the optimizer of the empirical conditional
flow matching loss Lopy(ug) using i.i.d samples {z;}™,. Next, we introduce a different set
of i.i.d samples {x}}! , independent of the training sample {z;}? ;. Then, we decompose
E{Jii}?:l {R(QG)]

E [R@@)= E [E [ﬁ’(ag)—ﬁ’tm(ag)ﬂ
{=i}7, {wi}i, =ik,

v~

@
+ E E [ﬁltrunc (Ty) — zfétrunc (ae)] :|

{wadie, =i,

-~

(1)
+ B [RM@) - R+ E[RG@)]. L.2)

{wadi, L
NS

(i (V)
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We refer to terms (1) and (I1I) as truncation error, and we control these errors by leveraging the
sub-Gaussian assumption in Lemma L.1. Then, we derive the generalization bound to control term
(IT) using covering number in Lemma L.2 and Lemma L.3. Finally, we apply the approximation
error using transformers to bound term (IV) in Lemma L.5.

Truncation Error. We apply the sub-Gaussian assumption to bound the truncation error.

Lemma L.1 (Upper Bound on the Truncation Error). Assume Assumption [.1. Let ¢y, T €
(0,1). Then, for any t € [to, 7] and velocity approximators uy(z,t) in Theorem 1.1 and Theo-
rem 1.2, it holds

E[|¢(x; ug) — £ (x5 up)|] S D% exp <—%C’2D2) log N.

Proof. Our proof builds on Section D.2 of [Fu et al., 2024].
By Theorem I.1 and Theorem 1.2, the transformers output bound Cr = O(y/log N).
Then, for all approximator 1y € ’7}2’5””, it holds

E[‘E(x; ug) — ftr“nc(:p;ue)ﬂ

= E[|l(x;ug)1[[|x]| > D]|] (By Definition L.3)
1 T )
= E ug — (e + o q(x)dxdt By Definition L.1
71—t0/2(4;pamwNmﬂH’0 e+ dro)ala() ( )
Sotr [ [ B Ml i+ ollla@iiaat (5 expning e o
~ Uu xr g+ xXr xXr Yy exXpan mgt € £o-norm
Tty )iy Jyapopwo~nion! 012 T T OET0I ’

2 T 1
E ug|? + || + o)) ex (——C T 2>dxdt
7—1_750 /to /Hx”ZD;EoNN(O,I)[H 9||2 ||'ut t OHQ] P 9 2” ||2

(By Assumption I.l)

2 T , 1
N E [logN + ||fixx + x5 exp| —zChl|x 2)da&dt
~ T_tO/tO /||;p||2D10~N(0,I)[ & ”ﬂ’t t OHQ] p( 9 2” ||2
(By C1 = O(\Iog N))
1

g 1
S / / (log N + 62d + fi2||z||3) exp (——C’g||a:||§) dzdt (By 2o ~ N(0,1))
T—toJiy Jjwizp 2

D=2 exp(—1CyD? T D% exp(—L1CyD? T
N Tp_( 1 - ) / (log N + d?d)dt + ;(_ tQ 2 ) / ,L'L,?dt (By Lemma D.2)
0 to 0 to

S

1
< D% exp (_§CQD2) log N. (By Assumption 1.2)

]
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Covering Number of Loss Function Class with Transformer Estimator. Recall (II) in (L.2):

)= E { E [ﬁ'trum(m)—ﬁtrum(a@)ﬂ.

{zidie, {3},

To derive an upper bound on (II), we introduce (i) the covering number technique in Lemma L..2
and Lemma L.3 (ii) the generalization error bound to bound in Lemma L.5.

We begin with the definition of covering number.

Definition L.4 (Covering Number). For data distribution P, let {x;}! , be the data points sam-
pled from P. Denote P" := P ® P --- P as the joint distribution that {z;}} ;, ~ P". Given
a function class F and ¢, > 0, the e.-covering number N (¢, F, {x;}?,, ||-||) with norm ||| is
the smallest size of a collection {f;}~; C F such that for any f € F, there exists a j € [N]
satisfying

max || f(z:) = fi(z)] < e
Further, we define the covering number with respect to the data distribution P and size n as

N(Ea'F?an HH) = sup N(Ea‘F? {x’t ?:b HH)

331‘}?:1"’ "

Then we provides an upper bound of the covering number for transformer networks.

Lemma L.2 (Covering Number Bounds for Transformer, Lemma K.2 of [Hu et al., 2025b], Theo-
rem A.17 of [Edelman et al., 2022]). Let 7}?’5’1”(07, C’IQ{Z;, Cko, C’(Q)"O/O, Cov, CEg, C’%’OO, Cr, LT)
be the class of functions of one transformer block satisfying the norm bound for matrix and Lips-
chitz property for feed-forward layers. Then for all data point ||z||2 . < D we have

1OgN(€C7 7;275’7"7 an ||||2)

log(nL 2 ooy 4 2 00\ 3 )5’
s%oﬂ(d?)(oﬁ )} +d (2(Cr)*CovC3)® +2((CPCEY)?)

where o := C%Coy (1 + 4Ckq)(D + Cg).

Equipped with Lemma L.2, we now derive the the covering number bounds of loss function class
under transformer weights configuration in Theorem 1.1 and Theorem 1.2.
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Lemma L.3 (Covering Number Bounds for S(D)). Let e, > 0. We define the loss function
class by S(D) := {{(z;ug) : D — Rl|ug € T;*"}. Further, we define the norm of loss functions
by [[£(z;up)||cop = Max,e_p,pjas |£(7;ug)|. Then, under transformer parameter configuration
in Theorem I.1 and Theorem 1.2, the € .-covering number of S(D) with respect to ||-|| _ satisfies:

log (nL
log N (€., S(D), || - ||oop) < O(¥D4N16Bd+125(10g N)20d2+4ﬂ+17>_

@
Further, the €.-covering number of transformer network class satisfies:

1 L
log/\/(ec, 7;!;,5,7*, || . ||2) S O (%DQNlﬁﬂd—i—mﬁ(log N)20d1+4ﬁ+16>.

(4

Proof. First, we apply transformers parameter bounds in Theorem I.1 and Theorem 1.2. Then, we
extend the covering number bound to loss function calss S(D).

* Log-Covering Number of Transformers Network Class. From Theorem I.1, we have

Ckq,Cry = O(N*2P (log N)**+2);: Coy, Coy = O(N7);

dz+B

Cp,C2>° = O(NP(log N)™2 ™); Cp = 0O(1); Cr = O(y/log N).
F

By Lemma L.2, the bounds on log-covering number follow

log./\/'(fc,m’s’ra -1l2)
a?log(nL 2 co\ 4 2 00\ 3 <3’
< M(dS(C% )5 +d3 (2(Cr)*CovCiy)* + 2((CF)2(’%V)3>

- 2
€

2] L
5 L(;LT) ((CF)2COVC?(’C5)2, (By dropping lower order tcrms)
6C
where
(Cr)*CovCrd
_ N4ﬁ loo N 2d.+26+4 N—?ﬁ N85d+45 loe N 8dy+4
O(N*(log V) ! (33; ))
(Cp)* (Cov)? (C23)2
— O(N86d+66(10g N)10d1+25+8)_
Therefore,

2] L
Lo N (e, T, ) 5 BT (a0 10 o254,
€C

By Lemma L.2, we have

o= (CF)QCOv(l + 4CKQ)(D + CE)
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< N#(log NP2 N=F N1PdT28(1og NY14=2(D - Cf)  (By the definition of )
(Cr)? (Cov) (Crq)
= O(DN**% (log N )74 +0+1),

Altogether, we have

| L
log N (ee, T |I-1ly) < %QT)WNMMH%G% N)20da+45+16,

c

Further, by [| - [l <[ -

9, We have

log/\/'(ec, 7;?,5,T7 ” ] ||oo) < 10g(ZLT) D2N166d+126(10g N)Zde+4B+l6‘ (L.3)
* Log-Covering Number of Loss Function Class. Recall the definition of loss func-
tion class Definition L.1 and its truncated counterpart Definition [..3. Let 6 > 0 and
uy (1), ug(z,t) € Ti™* be two velocity approximators satisfying ||u; — ug|| . <  on
domain x € [—D, D]%
First, we derive the upper bound on the expectation of ||u;(x|z1)]|:

XNgMﬂm@mmm L4
— XONN(O ) [l ez + 64 Xo]|] (By Definition L.1)
< \/XONN(O I)[Hut:c + ¢ Xo||3] (By Jensen’s inequality)
SV@W%M¢MWM+UHXM] (By expanding the ¢z norm)
=¢Mg&4ﬁmﬁhv% (By Xo~ N(0.1))

<V [i2D? + 52 (By z € [-D, D)
Then, the distance between loss function ¢; (z; u;) and fo(x; uz) follows:

|01 (z5u1) — lo(x;us)| (L.5)

— / ||u1(:B t) — wp(z|z1)]|3 — Jua(z, t) — we(x|zy)||3]dt

to

—_

(By Definition L.1)

7 / Xo~ I]%: [(wr (2, t) + ua(z, t) — 2up(w|21)) " (ur (2, t) — ua(, t))]dt
[

T
E t t) —2 dt By [|u1 — ugl] <6
1;%Mwmnm@,wme> wlal) | (By sl < )

103



5 T

< Tt ), XON%(O,I)[HUM% t) + ug(z, t) — 2uy(x|zy) H%]dt (By Jensen’s inequality )
5 g 2 2

< 2 E t t 2 dt

< |2 By Tl 0+ e 0l + 2ol

(By expanding the /5 norm)

0 T 5

N E |logN +2 dt By C7 = O(y/1og N

S7on |\ B los N+ 2ludelonl (By Cr = O(VI5E )
5 T

< / Viog N + j2D? + 462dt (By (L4))

T - tO tO

< dy/log N + D2. (By Assumption 1.2)

Finally, we extend the log covering number to the loss function class S(D) by setting

e, = Q(e\/log N + D?).

This gives
log (1, S(D), [|llop) < log N (ee, T I - lloo)- (By (L.5))
Therefore,
log N(ee, S(D), [|llsop)

< log N(ee, T ||+ o)

< log (nLT) .D2N16,Bd+125(10g N)20d1+4ﬁ+16

N 2 (By (L.3))

=0 <MD4N16ﬁd+l2ﬁ(bg N)20dz+45+17> _
(€0)?

This completes the proof. ]

(By the definition of d)

Generalization Bound. Based on covering number bounds results in Lemma L..3, we analyze the
upper bound of generalization error [Eg, 3 [R™"(ty) — Rirune ()] ‘

However, one key distinction separates the generalization bound of the flow matching loss from
results in classical learning theory. Its empirical Definition L.2 takes the shape ¢(x; ug) — £(x; u*),
where u* denotes the ground truth velocity. Unlike typical loss functions, which remain nonnega-
tive almost everywhere, the flow model loss does not follow this property. To handle this, the next
lemma controls the second moment of the flow matching loss using its first moment. This result
plays a central role in applying a concentration inequality to derive the generalization bound.
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Lemma L.4 (Bounds on Second Moment of Flow Matching Loss, Modified from Lemma C.1 of
[Yakovlev and Puchkin, 2025] ). Assume Assumption I.1 and Assumption 1.3. Then, it holds

[’gtrunc(x; Ug) _ ftrunc(x; u*)‘2i| S k- [etrunc(x; u@) _ Etrunc(x;u*)]’

x~q T~q

where k := D? + \/log N.

Proof. Recall Definition L.1 and Definition L..2. We have

0 (g ag) = 0(;ug) L{||z]loo < D} and R (ug) Zé (zi3u9) — = ZE (35 u*),

where u*(2,t) = 4+ [ga, (z]1)pe(z|71)q(21) dzy is the ground truth velocity and
1 T
o) = e [ B (e + 00Xo.t) = (e + 6 Xo) [

For any z;, the flow matching loss takes the form ¢(z;; ug) — ¢(z;; w*). To simplify notation, we
omit the indicator 1{||z||o < D} when expanding ¢*"**, with the understanding that we focus
only on the bounded domain where the flow matching loss is defined. Then, we compute

gtrunc(x; UG) _ gtrunc(x; u*)l

T
1
/to T — to Xo~N(0,I) [lluo = (e + 3 Xo)2 = llu” = (s + 0t Xo)Il3] ’
/to T — t() Xo~N(0,I) [(Ue U ) ('LL@ Tu <’utx + ot 0))] ‘

=

0

T . T

1 2 1 2
< E —*2dt> </ E =2 (i 71 X 2),
< (/to T [lug — u*]l3] o [lug + u (Hiex + 3¢ Xo) I3 ]

J

~~

(A)
(L.6)

where we apply the Cauchy-Schwarz inequality for the last inequality. Next, we bound (A) using
previous results for the bounds on the true velocity, conditional velocity and transformer network.

Recall Lemma J.4. It holds

lt oo < Pt e + 5|
it it

Ot
. 1
=21 (lalla + )

and by Assumption .3 we have ||u*||2, < ||z||% and here we consider bounded domain || x|/, < D.

Further, under the transformer network configuration in either Theorem I.1 or Theorem 1.2, we
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have the transformer output bounds Cr = O(+/log N). Lastly, for pi;x 4+ 0, Xo, it holds:

[HuterUthll ] < [riell3 + lloXoll3] < D?,

Xo N Xo~ N(OI

where we invoke Assumption 1.3 and ||z||3 < d,D? in the last inequality.

Altogether, we have

/ E [uoll3 + w3 + 12 - (fizz + 6:X0) |3 S D* + /log N.

Therefore, (L.6) becomes:

T
|00 (25 1) — Ktmnc(x;u*)‘g S (/ LE [[Jug — u*Hg]dt) -(D* + V/log N).
B

Then, we conclude that

[lgtrunc(x; ug) — gtrunc(az; u*)|2]

T~q

|
< 2 . %2
~ <D + log N) /to T —tg xIEq [XON]JE\%(OJ) [HUJH B HQ] dt}
|
) /
\t()

= (D*++/logN) -

[Hu@ — u*||2dt] (By tower property )

J/

T —to ze~pe
()
= (D*++/logN) - [ﬁtrunc(x; ug) — " (z; u*)} . (By Remark L.2 )
z~q

We remark that (B) is the conditional flow matching risk R (uy) defined in (L.1).

This completes the proof. []

Lemma L.5 (Generalization Bound, Modified from the Theorem C.4 of [Oko et al., 2023]). Let
up be the velocity estimator trained by optimizing Lcpm(ug) following Definition L.1 with i.i.d
training samples {x;}?_ ;. For e, > 0, let N := N (e., S(D), ¢", ||-||,,) be the covering number of
function class of loss S(D) following Lemma L.3. Then we bound the generalization error:

{ ]E:n Rtrunc( ) Rtrunc( )] S{ I}En [Rtrunc( )] ~|—O(—10g./\f+€c)
) Tifi=1

Proof. We use Z’CFM and R’ to denote the conditional flow matching loss and empirical risk with
ghost training samples {z/}" . Further, let u* denote the ground truth velocity field.
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Then, following Remark L..3, we rewrite the generalization error:

{xj?n [Rtrunc(ag) i ﬁtrun0<a‘9)]' L.7)
=| E [ E [R™(G)] — ﬁtmm(a@)]‘ (By Remark L.3)

(it i,

= E [ﬁltmnc(ﬁg) — ﬁtrunc(ﬂg)] ' (By the independence between 2, and ’li(ﬁ()))

G

1 S runc e . runc / * S runc - - runc *
=B IO Al ) — Y 0l ) — (3 0 s ) — D 0 )]
=1 =1 =1

N Az}, i—1
(By Definition L.Z)
For e. > 0 to be chosen later, let 7 := {{1,0s,...,{x} be a e.-covering of the loss function
class S(D) with the minimum cardinality in the L., metric. Note that /1, ..., ¢, have domain

D = [-D, D)% by Definition L.3 and Definition L.4. Further, let J be the random variable such
that [|£(-,ug) — €;(-,us)|l, < €. Moreover, we introduce following definitions for simplicity:
(A)(J?) = gtrunc(x; a@) o gtrunc(x; u*),
wi(w) = L(w; u5) = €70 (25 07),

hy = max{ A, [ ziuy) — 0],

n

3 w;(77) h_ w;(7s)

J

) := max
1<<N

)

1=

where z ~ ¢ is independent of {z;, }}" ;. Then we can further bound (L.7) as follows:

1 . -~ . runc * . runc -~ . runc *
~ B[ et ) — Y (k) = (6 () — Y T (asu m‘
{ziai i, i—1 i=1 i=1 1=1
(L.8)
1 - / . .
<|— E [(Z(U}J(sz) —wy(x;))]| + 2. (By the definitions of w and covering number)
n {z;z;} P
1 B , .
< - E [ (Z(UJJ (I‘Z) - wJ(:Ei)) ] + 2e, (By the property of expectation)
N A{zs@i b, i—1
1
< - . E} (s8] + 2e. (By the definitions of ; and 2)
n {ziz}, '
1
< - E [p3] E [Q%] + 2 (By Cauchy-Schwarz inequality )
Nz, {wizi iy
In 2 1 2 e
< —( E [h3] + E [Q7) + 2¢. (By AM-GM Inequality)

- n 2 {zs,2i 3} 2n {zs,x}}0

107



1 1
== E [R]+-— E [QY+ 2.
2 {z:,2/ ;gl[ s+ 2n2 {a;x} ;;1[ |+ 2

Now we bound Ey, ,n [h%] and Eg, ,n [Q?] separately. For E¢, ,nn [h?], we have
{ K3 7,}7,71 J { ) 1}271 { Ty 1}171 J

. E [h?] < A%+ ( E [E[ﬁj(z; uy) — ftrunc(z; u*)]] (By the definition of h;)
TisTi iy TiTiiy #
<A 4+ E O [E[0MUC(z;Tg) — 02 u¥)]] + 2e, (By the definition of ¢.)

. /\n
{zz@i i=1 %

<A*+ E [R“unc(ag)] + 2¢€.. (By Remark L.3)

{zi}i,

Then we start to bound Ey,, ,/yn [Q2°]. By the definition of w;(z) and the independence between
{z;}?, and {x}}" ,, we have

1

= ﬁ IIE[(A)](:CZ)] . I;;[wj (33;)] (By the independence between h; and {z;, 7’ };’,J
gt i
1

= ﬁq@[% (.CEZ)])Q (By the independence between w; and {x;, z}}7 ;)
j K3

> 0. (L.9)

To use Bernstein’s Inequality, for any j, we bound the following expectation as

E [Z(wj(xl) — wj(x;) )2]

{3, 1 hj
= ' (IZE/[(WJ}(L]xl))Q + (WJ}ET;) )2] . 296}?/[%@1});3(%;)])
: Z“"E’-K%ffj )) o <wjff /))2]' (By (L.9))

Recall that for any j € [N], wj(x) = {;(z;u;) — (""™(x;u*). For any ¢ € S(D), assume
|07 (-;ug)| < w, then for any i € [n], j € [N], we have E,, o [w;(2;)] = Eq, o [w;(27)], which
leads to

E [wiz)] = E [w;(z;)]

7
/ /
zi,T zi,T

E [gj (I';, Uj) - ftmnc(x;; U*)] (By the definition of w; (z))

!
T, T

= E[(;(z1uy) — €7 (z3u")]

IN

E , [h?] (By the definition of h‘/->
Z4,T;
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Then, it holds

{zs,x}}0 Py j

B w;(x
<> E[=
i=1 i L,

<2k : xE,[(wjf(Lfl)) + (w](asg) )] (By LemmaL.4)

< A4nk.

UM h; )] = (, by Bernstein’s Inequality, we have for

Since
any j € [N],h >0,

Pr[(zn: wj(fl?i)h—'wj(ﬂig)f > h] ZQPIIH wi(z;) — wj(x}) . ]

< 4 and E{xi,m;}?ﬂ[

i=1 J =1 hj
< 2exp h/2
(4n + Y
Thus, we have
- "L wj(zy) — wi(ah)
QQ > h ; ; J hj I )2 >h (By union b()und.)
2
K(4n + ¥7)
Thus, for any hy > 0, we bound Ey,, .y (2] as
E [0
{%@2}?:1[ |
ho o)
_ / P[0 > h}dh+/ Pr[0? > h]dh
0 ho
o h/2 . )
< hy+ 2N exp| ——— |dh (By tail-sum formula)
ho K(4n + },/—f)
> h 3AVh
< hg+2 ——— |]|dh
< hg + 2N 5 [exp< on )+ p( P )]

h 8k 32k 3AVR
< ho + 2N[16kn exp <— 16/271) + 3\1/4_0 9A2) exp (_ 4\2_())].
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Taking A = }/Thg and hy = 16xnlog N, we have

E (0% <nklogN.

G

Combining above, we bound the generalization error as

E [Rtrunc( ) Rtrunc( )]

{wi}i,
<l oy (R3] + ! E [Q%+2 By (L.7)
_ R €c /(L.
2 {ziwi 3, 2n? S ( ’ )
1 1
< Z A2 ]E trunc 2 - l
<3l T e, REE )] +260) + 550 log )
1
<5 B [R™™(@)] + 05 g +c.).
This implies
{ ]];:n [Rtrunc(ae)} S 9 { ]];:n [Rtrunc( ):| +O(—10gN+€c)
Therefore,

E |:Rtrunc( ) — RtruHC( 9)]5 E |:Rtrunc( )}+O(—10g/\/-‘r60)

{zi}i, {za}f,

This completes the proof. ]

L.3 Main Proof of Theorem 1.3

We now give the formal proof of Theorem I.3.

Theorem L.1 (Theorem 1.3 Restated: Velocity Estimation with Transformer). Let d be the fea-
ture dimension. Suppose we choose the transformers as in Theorem 1.1 and Theorem 1.2 corre-
spondingly, then we have

e Assume Assumption I.1 and Assumption I.2. Then,

( I]E} [R(wo)] = O(nfﬁ(log 20446420y
Ti}ig

* Assume Assumption 1.2 and Assumption [.3. Then,

{ ]E: [R(ug)] = O(n_ﬁ(log n>20dz+45+20).
Titi g
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Proof of Theorem I.3. Let {x/ i) be a different set of i.i.d samples independent of the training
sample {z;}_,. Further, we use R’ to denote the empirical risk with samples {z}}7 ;.

Then, following (L.2), we decompose Ey, 3= [R ()] as:

E [R(U,)] = E E |R (i) — R'™<(q
{xi};gl[ (@) {ei}i, Lw; ?_1[ (@) (Q)H

-~

@)
+ E E [ﬁ/trunc (ae):| _ ﬁtrunc (ao):|

{zi}ic, =i},
N

(I
+ B [Rme@) - R@)| + - [RGw)|-

{xi}?zl L
"

J/

(1) (V)

Then, we bound each term and incorporate them to obtain the upper bound on the estimation error.

* Bound (I) and (ITI). By Lemma L.1, term (I) and term (III) are upper bounded by
1
(I), (I11) < D% exp (—5021)2) log N.

* Bound (II). By the generalization error bound (Lemma L.5), we have

(I1) = {x}}%:l Lx;l%l:l [ﬁ/trunc<%)] _ ﬁtrun(:(a€>:| (L.10)
_ {xi%:1[Rtrunc(a9) _ e ()] (By By [Ree] = Rosone )
S LB [R™™@)] + O log N + <) (By Lemma L.3)
< (IV) + D% exp (—%CQD2> log N + O(% log NV + €.). (By LemmaL.1)

where N (e, S(D), ||| .p) is the covering number (Definition L.4) of loss function class.

* Bound (IV). Recall that R(tg) = Lerm(Ty) — Lepw(u*) and Ty is trained by optimizing
Lcpm(ug) following Definition L.2. Therefore, for any velocity estimator uyg, it holds

~

R(is) < Lerm(ug) — Lerm(u) = R (up).
Then, for any velocity estimator wy, it holds

E [R() < E [R(ug)] = R(up). (L.11)

{zi}ie, IRy
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Altogether, the estimation error is upper bounded by

GE[R(@)] (L.12)

= (I) + (II) + (III) + (IV)
< D% exp(—CyD?) log N + 0( log N + €.) + 2(IV)

< O(N_Qﬁ(log N)d”/Q—H) + O(— logN + Ec) + 2(1\/). (By setting D = y/2( log N/C3)
n

Furthermore, the log covering number is upper bounded by

log N'(ec; S(D), || - [|oop) (L.13)

<0 (log(T;LT) D4N165d+125(10g N)20dm+4ﬂ+17> (By Lemma L.3)
€

< 0(%1\;165%125(1% N)Q()dx+43+19> (By D == /25108 N/C5)
€

Next, we bound the velocity field estimation error.

* Estimation Rates under Generic Holder Smoothness. By Theorem 1.1, it holds

(IV) < R(ug(x,1)) (By (L.1D))
~ [ / () — v, 1) 3 (ke
— 0 JRdx
= O(B*N~" (logN)dﬁ_ . (By Theorem 1.1)

Then, (L.12) becomes

E [R(w,
{mi}?ﬂ[ (g)]

1
< O(N"*(log N)*™*/*) + O(= log N + &) + O(B*N " (log N)**5+1)

1 L
< O(N~%(log N)d=/2+1) 4 O(MN”(log N2 48419 1 ) 4 O(B2N A (log N)d” Y,

ne2
(By (L.13))

where v == 163d + 120.
Let 71,72 € (0, 1) be two arbitrary numbers. We take N = n"/" and ¢, = n~72. Then,

E [R(d
o [R(@)]

< O(n’%%(log n)%mﬂ) + O~ (log N)zOd””HfBHOLT ) 4 O(an’ﬁ%(log n>dz+§+1>

<O(n~ min{ £1L 1y —2v5,72} (log n)20dz+46+20>'
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For any 71,72 € (0, 1) satisfying

Mt 272 < 1,
we consider
min{%, 1—v — 272,72}

To simplify, we set

s
%:1—71—272272,

giving

v

- v+33

il Yo =

v+38

Therefore,

( I]Ef: [R(tig)] = O(n~ 162715 (log n)20%+46+20),
Ti}isg

Estimation Rates under Stronger Holder Smoothness. By Theorem [.2, it holds
(IV) < R(ug(x,t)) (By (L.11))
= [ [ lute) =l 1B ()
= O(B*N % (log N)4=15),
Then, (L.12) becomes

E [R(w,
o [R(@0)]

dy 1
<O(N 2 (log N)#+h) + O(E log N + ¢.) + O(B*N~*(log N)%*F)
logn

2
c

S O(N_Q/B(lOg N)djl-i-l) + O( NV(lOg N)20d1+4,3+19 + Ec) + O(B2N—2ﬂ(10g N)da:"‘ﬁ)’

(By (L.13))

ne

where v == 168d + 120.
Let 3,74 € (0, 1) be two arbitrary numbers. We take N = n?*/” and ¢, = n~4. Then,

E [R(u
o [R(@0)]

< O(n_w%(log n)%"”-f-l) + O(n—1n2fy4n'yg (log n)20d1+4ﬂ+20 + n—'y4) + O(BQn_m%(log n)dz+ﬁ)
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< O(n— min{%%,l—'y3—2'y4,w4} (10g n)Qde—HL,B—i—QO) )

For any 73,74 € (0, 1) satisfying

Vs + 274 < 1,
we consider
2
min{ 6}73, 1 — 73 — 274,74}
To simplify, we set
2
P =1—73— 2y =,
giving
v B 20
73_y—|—6ﬁ’ 74_y—|—65'
Therefore,

{ ]E: [’R(ﬂe)] = O(n_ﬁ(log n)20d1+4ﬁ+20)‘

This completes the proof.
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M Proof of Theorem 1.4

In this section, we apply the Gronwall’s inequality and the Alekseev—Grobner lemma to extend
the velocity estimation to distribution estimation under 2-Wasserstein distance.

Organizations. Section M.1 introduces auxiliary lemmas. Section M.2 presents the main proof.

M.1 Auxiliary Lemmas

In this section, we introduce auxiliary lemmas for extending the velocity estimation to distri-
bution estimation in 2-Wasserstein distance. Specifically, we state the Gronwall’s inequality in
Lemma M.1. Furthermore, we introduce the Alekseev—Grobner lemma that quantifies the devia-
tion between solutions of two distinct ODEs in terms of the discrepancy between their velocity in
Lemma M.2.

We begin with the Gronwall’s inequality.

Lemma M.1 (Gronwall’s Inequality, [Gronwall, 1919]). Leta,b € R with a < b. Let ¢g(t) and
y(t) be two real-valued continuous functions defined on [a, b]. Then, if y(¢) is differentiable on
[a, b] and satisfies:

it holds
o0 < sy | bg(s)ds).

Next, we introduce the Alekseev-Grobner lemma.
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Lemma M.2 (Alekseev-Grobner Lemma, Lemma 16 of [Fukumizu et al., 2024], Proposition 2 of
[Benton et al., 2023], Theorem 14.5 of [Hairer et al., 1993]). Let u(x,t) and ug(z,t) be smooth
vector fields and v (z, s, t) and ¥y(z, s,t) be the respective flows defined for ¢ > s that satisfy

%w(x,s,t) =u(Y(z,s,t),t), U(x,s,s)==x
%1/19@, s,t) = ug(Vg(x, s,t),t), we(x,s,s)=u.

Then,

Yo, b0, T) — (2,0, T) :/t Dip(¢(, %0, 5), 5, T) (ug (¢ (2, to, 5), s) — u(tp(z, 10, 5), 5))ds,

where the partial derivatives in the Jacobian matrix Dvy(v(x,to, s),s,T') is with respect to its
first argument.

M.2 Main Proof of Theorem 1.4

We now present the main proof of Theorem [.4.

'IA‘heorem M.1 (Theorem .4 Restated: Distribution Estimation under Wasserstein Distance). Let
Pr denote the estimated distribution at time 7". Further, we define a constant v := 16(L+1)+12/d.
* Assume Assumption I.1 and Assumption 1.2. It holds

( IE: [Wa(Pr, Pr)] = O(n~ 525w (log n) 0d=+26+10),

» Assume Assumption [.2 and Assumption 1.3. It holds

. ]];3 [Wa(Pr, Pr)] = O(n*m(logn)lodwﬂ&rm)'

Proof of Theorem 1.4. We bound the 2-Wasserstein distance between the estimated and true dis-
tributions with the /5 difference of the velocity field network and the true velocity field. Our proof
structure follows [Fukumizu et al., 2024, Theorem 3] and [Benton et al., 2023, Theorem 1].

The distributions ]3T and Pr are the pushforwards of Py, by vy(-,t,T") and ¢(-,to, 7). Thus,
using the definition of the 2-Wasserstein metric, it follows that

WalPr. Pr) <\ E [IWo(x.0.T) = 0l to. T

We use Lemma M.2 to bound the ¢, difference of the flows. To that end, let us first bound the
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Jacobian matrix Dy (¢(x, to, s), s,t). We have

%ng(w(x, to,8), 5, 1)]|2

0
S HaD%(?/J(«T, th 8)7 S, t)”Q

= || Dug(vo(v(x, 20, 5), 1), 5,8) Diba(1b(z, t0, 5), 5, 1)]|2
< LTHD%W(% to, 8)7 S, t)H%

where the first inequality follows from triangle inequality of the || - ||2-norm, and the second
equality follows from the flow ODE in the assumption of Lemma M.2, and the third inequality
follows from the Lipschitzness of transformer network (Definition B.2). Therefore,

t 1
| Dpg(¢(x, to, 5), 8, t)|l2 < exp{/ LTdu} < exp{/O LTdu} =: M. (By Lemma M.1)

Now we have
||'¢9(l‘, t07 T) - w(% t07 T)H%
T
SMQ«/ luo(t(, to, 5), 5) — (b (x fo, 5), 8)2ds)?

to

T
SW/HMWm@@—wmmﬂw%,

to

where in the first line we apply Lemma M.2 and in the second line we apply the Holder’s inequal-
ity. Then, we take expectation with respect to x ~ p,, on both sides of the above inequality

E [[[¢s(e,t0.T) — b(z,to, T2 < M? E [/ o (6 to, 5), 5) — u((a, to, 5), )|3ds]

T~pt, TPto J g
T
_ MQ/ E [||ug(z,s) — u(z, s)||3]ds
to T~ps

where the last equality follows since the samples ¢ (z, ty, s) with © ~ p;, are the same as the
samples x ~ p; by construction of the flow.

Therefore, we have

T
WalPrPr) <M ([ B [fun(a,s) — uta9)E)d),
to T~Ps
where

T
/ E [|lug(x,s) — u(z,s)||5]ds = (T — to)R(up). (By Definition 1.2)
IT~Ps

to
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Then, by Assumption 1.2, we have

JE WP Pl S M-(T—t) B [VR@) SM E [VR@).

Finally, we apply the flow estimation results in Theorem 1.3 and get

E [R(ug)] = O(n_wdi{kw(log ) 20de 45420y

{:E'L.}:Lzl

E [R(tp)] = O(n~ 55 (log )= +45+20),

{zidiey

under Assumption I.1 and Assumption I.3 respectively. These imply

E [Wo(Pr, Pr)] S M E [\/R(@)] = O(n 51 (log n) '™ +27+10),

{rin {:}y
( I;?n (Wa(Pr, Pr)] M{ I}En [\/R(Tg)] = O(n~ 155 (log n) 0= +25+10)

This completes the proof.
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N Proof of Theorem 1.5

In this section, we prove the nearly minimax optimality results of flow matching transformers
under specified settings (Theorem L.5).

We begin with the definition of modulus of smoothness following [Oko et al., 2023].

Definition N.1 (Modulus of Smoothness). Let 2 be a domain in R% and f € L*(Q) be a
function for some p’ € (0, co]. We define the r-th modulus of smoothness of f by:

wry (f,t) = sup [|AL(f)ly

Ihll2<t

where A] (2) is the difference operator defined by

> (T) (=1)" 7 f(z +jh), ifz+ jhe Qforall j,
0, otherwise.

Next, we define the Besov space.

Definition N.2 (Besov Space B}, ). Let0 < p',q¢’ <00, s > 0andr := |s| + 1. The Besov

norm of a function f € L” (Q) is defined by || f||zs, , == || flly + |f|zs »where
P ,q p’,q’
/OO <(t_sw (f t))q,ﬁ)qll q < oo
gy, =4 Jo OV ) A<
n 0, q = oc.

Given m, L > 0 we have the Besov space By, (L, m) = {f € L (Q) | |Ifllss, , < L, f > m}.

The next lemma provides the minimax optimal rate for density in the Besov space B, .

Lemma N.1 (Theorem 3 of [Niles-Weed and Berthet, 2022]). Let  := [—1, 1]% be the domain
of density g(z1) in Besov space By, (L, m). Then, for any r,p',¢' > 1 and s > 0,
s+1

inf sup E [W.(P,P)| Zn %=,
P qeBs, (Lm) {zi}i,

where {z;}"_; is a set of i.i.d samples drawn from distribution P, and P runs over all possible
estimators constructed from the data.

Then, we revisit the definition of Wasserstein distance:
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Definition N.3 (2-Wasserstein Distance). Let X and Y be two random variables with marginal
densities i, and p, respectively. We define the 2-Wasserstein distance by:

1
P
Wo (g, = inf / z — y|[Pdn(z, > ,
i) = (_int [ o= ylPan(z.)
where M (11, j1,,) denotes the set of joint measures = with marginals y, and p,,.

We then give the minimax optimal rate in the Holder density function spaces.

Lemma N.2 (Modified from Theorem 3 of [Niles-Weed and Berthet, 2022]). Consider the task
of estimating a probability distribution P(x;) with density function belonging to the space

P = {Q($1)|CI($1) € #([~1,1]*, B), q(z1) > 0}7

Then, for any » > 1, # > 0 and d, > 2, we have

inf sup E [W,(P,P)] 2 n o,
P g(z1)eP {zi}i,

where {x;}, is a set of i.i.d samples drawn from distribution P, and P runs over all possible
estimators constructed from the data.

Proof. Let 2 be some domains. Since B3, . (€2) = H*(Q2) for any s € R, \ Z,, Lemma N.1
directly implies Lemma N.2. This completes the proof. ]

Next, we present the proof of Theorem L.5.

Theorem N.1 (Theorem [.5 Restated: Minimax Optimality of Flow Matching Transformers).
Under the setting of (16d + 18)(8 + 1) = d, + 2/, the distribution estimation rate of flow
matching transformers (Theorem [.4) matches the minimax lower bound of Holder distribution
class in 2-Wasserstein distance up to a log n and Lipschitz constants factors.

Proof of Theorem 1.5. By Theorem 1.4, we have the distribution estimation rate in 2-Wasserstein
distance under Assumption [.2 and Assumption [.3:

{ I}E [WQ(ﬁTa PT)] = O(n_m(log n)10d1+2,8+10)_
Ti}ica

Then, by Lemma N.2, the distribution rates matches the minimax lower bound up to a logn and
Lipschitz constant factors under the setting

(16d + 18)(B + 1) = d, + 2.
This completes the proof. L
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O Experimental Validation

To provide empirical support for the proposed High-Order Flow Matching (HOFM) framework,
we conduct a series of synthetic experiments designed to evaluate the practical benefits of incorpo-
rating higher-order dynamics. We compare the performance of standard first-order flow matching
(equivalent to our framework with K = 1) against second-order flow matching (/' = 2).

O.1 Experimental Setup

Task and Datasets. We evaluate the models on 2D density matching tasks, transitioning a stan-
dard multivariate Gaussian distribution, 7, to three complex target distributions, m;. Following
the experimental setting in [Chen et al., 2025], we use target distributions shaped as: (1) a square,
(2) two intertwined spirals, and (3) three intertwined spirals. These datasets are chosen to test the
models’ ability to learn distributions with sharp corners and high-curvature manifolds.

Evaluation Metric. To quantify the quality of the generated samples, we measure the 2-
Wasserstein distance between the generated distribution and the target distribution. A lower
Wasserstein distance indicates a better match and, therefore, superior performance.

0.2 Results and Discussion

The results of our comparison are summarized in Section O.2. The findings demonstrate the
advantages of using second-order dynamics.

Distribution = Sampling Steps First Order (X = 1) Second Order (K = 2)

Square 10 8.51 7.09
50 6.45 6.08
100 5.48 2.82

Two Spirals 10 114.39 74.57
50 73.37 68.47
100 66.15 46.71

Three Spirals 10 192.19 109.93
50 123.53 87.70
100 93.26 68.81

Table 1: Comparison of first-order and second-order flow matching on synthetic 2D datasets.

Across all three target distributions and for every sampling step count (10, 50, and 100), the
second-order model achieves a lower Wasserstein distance than the first-order model. This
suggests that incorporating higher-order information allows the model to learn more accurate and
stable generation paths, which aligns with the motivations discussed in Section 1.

Furthermore, these results highlight a notable improvement in sampling efficiency. For instance,
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in the Three Spirals task, the second-order model with only 50 sampling steps (Wasserstein dis-
tance of 87.70) outperforms the first-order model with 100 steps (93.26). This empirical evidence
supports the theoretical premise that HOFM lead to more efficient sampling strategies (Section 5).
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